CERN 64 - 13
28 February 1964

ORGANISATION EUROPEENNE POUR LA RECHERCHE NUCLEAIRE
CERN EUROPEAN ORGANIZATION FOR NUCLEAR RESEARCH

PROCEEDINGS OF THE 1964 EASTER SCHOOL FOR PHYSICISTS

Using the CERN Proton Synchrotron
and Synchro-Cyclotron

Herceg-Novi, May 18 - 31, 1964
by invitation of the

YUGOSLAV FEDERAL NUCLEAR ENERGY COMMISSION

Volume I. Contributions by:

D. Hudson

L. Jauncau
De. Morellet
B. Ronne

A, Werbrouck

(l_)
&5}
[ell]
1
[ B
r



© Copyright CERN, Genéve, 1964

Propriété littéraire et scientifique réservée pour -

tous les pays du monde. Ce document ne peut
étre reproduit ou traduit en tout ou en partie
sans l'autorisation écrite du Directeur général
du CERN, titulaire du droit d'auteur. Dans
les cas appropriés, et s'il sagit d'utiliser le
document a des fins non commerciales, cette
autorisation sera volontiers accordée.

Le CERN ne revendique pas la propriété des
inventions brevetables et dessins ou modéles
susceptibles de dépot qui pourraient étre décrits
dans le présent document ; ceux-ci peuvent étre
librement utilisés par les instituts de recherche,
les industriels et autres intéressés. Cependant,
le CERN se réserve le droit de s’opposer a
toute revendication qu’un usager pourrait faire
de la propriété scientifique ou industrielle de
toute invention et tout dessin ou modéle dé-
crits dans le présent document.

Literary and scientific copyrights reserved in

“all countries of the world. This report, or

any part of it, may not be reprinted or trans-
lated without written permission of the
copyright holder, the Director-General of
CERN. However, permission will be freely
granted for appropriate non-commercial use.
If "any patentable invention or registrable
design is described in the report, CERN makes
no claim to property rights in it but offers it
for the free use of research institutions, manu-
facturers and others. CERN, however, may
oppose any attempt by a user to claim any
proprietary or patent rights in such inventions
or designs s may be described in the present
document.



CERN 64 = 13

28 Fobruary 196L4

PROCEEDINGS OF THE 1964 EASTER SCHOOL FOR PHYSICLSTS

Using the CERN Proton Synchrotron
and Synchro-Cyclotron

Heroceg-Novi, May 18 = 31, 1964
by invitation of the

YUGOSLAV FEDERAL NUCLEAR ENERGY COMMISSION

Volume I. Contributions by:

D, ludson

L. Jauncau
D. Horelletd
B. Ronne

A, Werbrouck



SCIENTIFIC ORGANIZING COMMITTEE

EDITORIAL

Dr. R. Armenteros
Prof. E.H.S. Burhop
Dr. J.C. Combe
Prof. M. Juric

Dr. W.0. Lock

Dr. . Nikolic

Miss E.Y.D. Steel

Prof. L. Van Hove

BOARD FOR THE PROCEEDINGS

7863/p/cm

Dr. W.0., Lock
Dr. M. Nikolic

Prof. L. Van Hove

(CERN)

(University of London)
(CERN)

(University of Belgrade)
(CERN)

(CERN)

(CERN)

(CERN)

(CERN)
(CERN)
(CERN)



IT.

I1T.

7863/p/mh

T.ZLi ZBS DLTTERES - COTINTS

L, Jauneau et D, -Morellet
NOTICNS DE ST'TISTILUE ET APPLICATIONS

R.PPELS DE FROBABILILIC

- Définitions
- Les lois du hasard

- Grandeurs aléatoires i plusieurs dimensions (et corrélations)

DS PROSABILITUS A

L'LXZ RIT'CE CUNCRETE

- Tests d'hypothése et cztimution statisticue
- Loi de Gauss
- Loi de Poisson

- Loi normale multidinensionnelle : loi de x?

~ L'estimation paramétrique

- Précision de 1l'cstimation

lMéthodes d'estimation :
%/ Minimum du y2
20/ laximum de vraiscmblance. Application
- Application - Détermination de la vie moyenne 7 d'une particule
instable (Bartlett)

LoTT A TION P ke STRIN

e s mze.s

0 PR 1L LTHODE oS OINDRUS CARRES (FITS)

a) Dstimetion paremétricue sans corrélations ni contraintes

b) istimetion paramétricue avec corrélations et sans contraintes

¢) Estimation peramétrique avec corrélatiocns et contraintes

0 . s L NP \
17/ Expression de la condition de minimum 1ié dans le cas ol

toutes les grandeur: sont mesurées et sont d'autre part

liécs par des contraintes algébriques
¢ P . .
27/ Cas général avec coniracintes algébriques et porométres a
estimer indirecteuc.it « partir des grandeurs mesurées

18
36

36
39
L2
45
51
5
55
55
57

60
62
62

67

T

76

81



- ii -

Be. Ronne

KINEMATICAL ANALYSIS OF BUBBLE CHAMBER PICTURES 87
I. INTRODUCTION 87
II, TREATHENT OF BUBBLL: ClIAMBER PICTURELS 87
III. GEOMLTRICAL RECONSTRUCTION 89
IV, KINEJATICAL CALCUL.TIONS 92
IV.1 Constraint ecuations 92
IV.2 The method of least squares 93
IV.2.1 The elimination method oL
IV.2,2 A generalized method 97
IV.2.3 Calculeation of errors 29
IV.,3 The y?®-test of & hypothesis 100
IV.4 DNumerical example; fit of a A decay . 103
IV.5 Results from a & - fit 112

V. COMPARISON OF RESULTS iROM AN EXPODRIMENT ITH THEORGLTICAL
PREDICTIONS 120
V.1 Introduction 120
Ve2 Test of mean value 122
V.3 x%- test of distribution 123
APPENDIX I, - DESCRIPTION OF THii SUBROUTINE BOECK 127

APPENDIX II, - GRAPHIC..L METHODS OF T#STING THE PROBABILITY
DISTRIBUTION A SAMPLE IS THOUGHT TO HAVE COME FROM 133
Contributed by D. Hudson,

L, Werbrouck

NOTES ON THE .IONTE CARLO METHOD 147
I. INTRODUCTION 147
II. CHOICES , 150

’863/p/mh



ITI, IRROR 161

IV, IMUCLE.LR CroCabi 161
AFPINDIX I, - THD BASIC ZUATIONS FUR THE 1.ONTE CLRLO 1IITHOD
Contributed by D. Hudson 169

APPLI DIX IT.-- GENOEwING ATDOLD NUXBIRE ON A CO:PUTLR

Cortributea by D, Hudson 173
APPUNDIX I1L, - LORTHNTZ TRLANSIORMATIONS FOR GuNERAL COLLISION 177

- - ——

7863 /0 /mh



- iV -

CONTENTS OF VOLUME II.

0. Skjeggestad
NOTES ON PHASE SPACE

I. Introduction
II. Non invariant phase space
ITI. Lorentz invariant phase space
IV. Angular distribution
V. Effective mass distribution
VI. Effect of a resonance on the effective mass distribution
VII. Dalitz plot
VIII. Examples
Appendix

W. Koch
DETERMINATION CF THE & DECAY PARAMETERS

Appendix I. - Relativistic generalization of the results

Appendix II. - Consequences of time reversal invariance and final
state interactions

W. Koch

SO:{E (IETHODS OF SPIN DETERI:INATION OF
ELEENTARY P'RTICLES AND RESONANCES

I. Recapitulation of guantum mechanical spin description
II. The Adair analysis
III. The density matrix
IV. Angular and polarization distribution with respect to the production normal
V. Lee=Yang test functions
Concluding remarks

Appendix - Minami ambiguity

7863/p/mh



~ v -

CONDLLITS OF VOLULE TIL.

. Costa

SELECTED TOPICS Il I°X THEORY OF BIEENTARY © LTICLE

Ae TOPICS ON ELEMENTSRY T:Z0.Y 0f SC.TTERING

I. Scattering by e central potential

II. Scattering of particles wituh spin
ITI. Inelastic collisions

IV. Hulti-channelformalism

V. Regge poles

B, INTRODUCTION TO UNIT/RY SY.:ILTRIES

I. Introduction

IT. Group SU»
III. spplicaticon of the isotopic spin to elementary particles
IV. Group SUs

V. fpplication of SUs to tue clementary particles

Lppendix - Element: of group theory

e Veltman

WEAK TUTER.CTIONS OFf NCN-STRNGE PLRTICLES

I. Introduction

II. Lifetirmes and cross-sactions
ITT. Thc Feynman rules

IV. The svaluation of tircces

V. Vector boson decay

VI. The z2lastic neutrino reaction

7863/p/mh



PREFACE

This revort conteains thne first set of contributions for
the 1964 CERN Easter School which will be held at Herceg Novi,
Yugoslavia in .ay. This school is primarily intended for young
experimental physicists engaged in the analysis of bubble chamber
pictures and of events in nucleer enulsions. These notes and those
in Volumes II and III deal viith topics that are relevant for their
vork. This Volume contains three papers dealing with statistics and
its applications, kinematical analysis of pictures and the lonte

Carlo Method.

We wish to express our gratitude teo the authors for their
collaboration in tie prevaration of these papers. We also wish to
thank irs. V. Cooper, who has kindly assisted in this work, the
Documents Typing and Rerroduction Services whose efforts with the
help of the Scientific Informetion Service made it possible to pro-
duce three wvolumes of the Proceedings within a short time, and to

Miss M. Hutin end iies C. Mason for their cereful typing of the text.

Editorial Board

11th larch, 1964

Geneva.



7863/p/mh

NOTIONS DE 5IATISTT UL T fPPLICLTICNS

L, Jauneau et D. ilorellet

Lcole Polytechnigue, Paris

AHTRODUCTION

Le but de ces notes est de regrouper sou. une forme aussi
simple que possible les principales notions et métiiodes statistigues
habituellement utilisées dans la Physique aes Hautes ILnergies, Les
démonstrations qu'on y trouvera sont destinées a mieux faire compren-
dre l'enchainement et le domaine d'application des diverses lois de
probabilité, des "tests statisticues" et des méthodes d'estimation,

Elles ne prétendent nullement =z la rigueur,

Les deux premiers chapitres s'inspirent largement, rigueur
en moins, du cours de¢ Probabilités de lonsieur George Darmois, le
dernier chapitre sur l'estimation par la méthode des moindres carrés
(fits) des excellents résumés que 1'on peut trouver dans les rapports

spécialisés du CILRI,



I. RAPPALS D 20BaABILITES

DEFINITIONS

VARIARLE ALFEATCIRE ET VARIABLE CERTAINE

On appelle VARL.BL: L ..TOIRD une grandeur pouvant prendre une

sulte finie ou infinie de valeurs, avec une certaine loi de »robabilité.

Ex.: Le nombre de grains d'une trace d'une particule dans 1'émul-
sion sur un intervalle de 100 microns varie d'un intervalle a l'autre et

n'est déterminé qu'en moyenne.

L'énergie d'une particule dont on observe la trace ect une varia-

ble certaine, mais le risultot de la mesure est une variable aléatoire.

Une perticule subit des diffusions dans la traversée d'un écran :

la déviation latérale et l'angle de sortie sont des variables aléatoires.

La varisble alédatoire X peut étre :

- DI_COI\TINJE H Valeurs x1 xz ceo e xi ee o

probabilités py P2 eee P: sssy avec & p. =1
i i i

- CONTTNUE
_ probabilité de trouver la variable entre x et x + dx = f(x)dx,
avec ]f(x)dx =1,
Que la variable soit continue ou discontinue, 1l'expérience fournit
une suite de n valeurs (X; ... xn) appelée LCIL.NTILLON ou STLTISTIQUE.
On cherche & caractériser cet ensemble de valeurs par certains
parametres

i

MOYENIE : <x> = =

MODZ ou valeur la plus probable

MEDIANE : terme milieu de la suite des n valeurs rangées

7863/p/mh



D'rutres carametrss caracterisent lo manicre dont la distribution
s'écarte de 1la valeur movenne.

ESPERANCE MATHELATINUE (z2néralisation dc 1la moyenne)

Four une varisble discontinue : E(I) =2 p, x,

pour une variable continue : 5(%) = / x f(x)adx
Propriétés

I

E(X o+ 1) = u(X) + 2(Y)

2(1Y) E(X) u(1), si les variables X et ¥

sont indépcndantes (clest-'-dirc si la probabilité pij d'avoir X5 et yj

1

est égnle au vroduit des srobabilités Ps ct pj d'obtenir x, et yj - ou si
la densits de nrobabilité F(x,y) peut se mettrc sous la forme : F(x,y) =
£(x) &(y)).

On appelle V.0L 3L CIMIREE & = X - 3Z(X)

E(X) n'cst que le premicr terme d'une suite

2(xX) (x®) z(x) ... B(Xh) ... MOMENTS DB X

On caractérise la largeur de la distribution par

2
(g?) = 2[X - E(X) | (moment "eentré!)

soit : B(E?) = 2(x2) - [E(D)]

o = B(g%) est la V.oLCZ de la loi de distribution de X.

o est 1'LC RT-TY"E (ou écort quodratique moyen, ou dévistion standard)

. . X - B(X
2, DUITE 1'expression s .

FR )

On ~vpelle V.L.BLo

7863/ p/mh
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v

On ne connait de la vari-ble a2léatoire X qu'un échantillon
(x1, Xay eos m1). Souvent la forme analytique de la loi de distribution
est connuc. L'édchantillon fournit unc cstimotion des paramétres de cette
loi (STDM.TION P "LiETRIE) :
L x

E(X) est estimée par la moyenne <x> = ==

o est estimée par la movenne des carrés des écarts par rapport

A <x> .

Propriétés de o”

o Y .
17/ Additivité des variances

5
1
]
+
[\

soit

a'ou (%) = B(Y) + E(¥)

..

E =71 *85 variablcs centrées

n(2) = E(n?) + B(Z?) + E(n 2)

Si lc¢s variables ¥ ct Z sont indépcndantes : E(n g) = E(n) E(Z) =0

d'ou :

Exemple : si la détcrmination d'unc grandeur est cntachée d'erreurs, les

erreurs particlles s'ajoutcnt qui.draticuement.

o, . . . .
2°/  deort-type de lo moyenne d'un échantillon

- e m am e . o

S

de lo graondeur X, on o cxtrait un éqﬁqgﬁi}%gg de n valeurs Xy, Xz ees Xn,

le moyennc <X> ¢t cussi unc varieble aléatoire.

7863/p/mh



soit 3(X) =0
_ 2 .2 L 2
= K/ -9 =3 AL e l-‘(n—ei :—-—E:l -0 -+ -
x> E kx> _j 3 - _J -z £%1 ) ees + (Xn @)
Al 2
- L E(x.-9) en supposant lcs n velours x.
2 1 i i

- — indépendaantes

variance de x

d'ou

o — . . . - . .
3"/ Lstimation de lc verience G'apres un échantillon

2
La dispersion cans la populction totale, o? = I(x - ®) , se compose

- de la dispersion des n valcurs Xy autour de leur moycnne (disper-

sion intérieurc a 1l'échentillon),

2
[x. - <x>]
-

. -
soit : L
1L

-

- de la dispersion de la moycnne autour de L(X) = ©, soit = .

La propriété d'additivité des variances conduit a :

2
o - (x; - <x) . o
- yau n n L]
D'ou :
e e e D P ——
5 (xi - <x>)
Estimction d¢ o? = —
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Remercue
e e LA .

Nous avons vu c¢u¢ la variance o? ¢ 1o scmne clgébricue de varia-
bles aléatoires indépencantes cst égele . la somme des veriances. 1
n'existe malheureusement pas de définition aussi simyle de la variance du
produit ou du guotient Ce feux variables elécteires, ou plus généralement
d'une fonction de variables aléatcires., Il faut se contenter c'cxpressions

approchées (voir "PROF..G.IION DiiS TiRDURS').

LS LOIS DU H/SARD

Le §é§§§2 est aéfini ici comne un ensemble de causes trés nom-

breuses, indépenacntes, et ayant chacune une influence trés faible.
Nous considérerons 3 cas :
o -
1~/ REALISATION D'UN V.0 THENT A

o) est la probebilité pour que £ se réalise, q = 1 - p la proba-
bilité pour wue /L ne se réalise pas, ou gue 1'événenent contraire B se
réalise. Clest le probleme classicue de 1'urne contenant deux espéces
de boules, des naissances masculines ou féminines... On fait une série
de n épreuves indépendantes : 1l'événement A se produit k fois, On choisit
comme variable aléatoire le nombre des succes, k, ou la fréquence des suc-

ces, fp = %% . La loi de probabilité de x est :

- . 3 A .
k i ] X o Loi binomiale
i< n - K L n ——

Tin -k 1!) (Bernoulli)

Lffectons chaque érrcuve L'une variuble aléatoire prenant les valeurs 1 ou O :

a1 probabiliteé )
X, —~g donec (X)) = p
0 protabilité g

he]
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Le nombre wes succ.s

(réalication de L) est :

et o2 =Bk - E(k)]2 =EX-p+X-D+ ces + X

= Blg, + &,

2
T eee +(Zn] :nz(gz)

puisque les épreuves sont supposées indépendantes.

Or, E(gz) = P(qz

PR R - E

X £ =X - p Probabilité

o > s .

1 q P
0 - q

s e o mL R T A £ R AT AT S e A R . T 1 T

)+ a(p?) = pa ;

D'ou :

7663 /p/mh
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= probabilité de réalisation d'un événement A, 0 = 1 -
S s a P

e

A0 ATTEE S RIICTW AT SRR EAToACC AT GEILT TS MTERTE TEASRET O T OSIELE TN TS LITE A S8 et S0i oo miioo6

n épreuves indépendantes

7863/p/mh

Variable aléatoire Nombre des succes Fréquence des succes

k

k fn = ~—

n n

Lspérance mathématique np P
i

RS

Ecart-type 'Q npq “J n
Sin->«, £, =>p LOI DIS GRANDS NOMBRES

2°/ VARIABLE DISCONZINUE NE PRINANT “UZ DS V/LEURS DNTIRRES

Exemple : des points sont distribués au hasard sur une droite
(cas idéal Ges grains qui matérialisent la trajectoire d'une particule dans
1'émulsion). On compte ceux qui se trouvent dans un intervalle pris au
hasard sur la droite,

—

ry

it

nombre de points sur 1'intervalle AL

densité des points

gAL

B o0
i

Nous montrerons que la loi de provbabilité de k est :

(T e T

)

k
T LOI DI _POISSON

-
Pk = €

P représente aussi la probabilité ¢'observer k événements, alors qu'on

s'attend a en cottenir m,



En cffet :

Dfou :

7863/p/mh

B(X)

B(x?)

1

o o)
~ m

2 kP =e m o4 , =m

K= k=1 (k=)L
k-0

oo

< —

2 lfpk = o (K=k + k) P, avec
k=t k <

(k=C nc contribue pas)

ﬂ"" - @ m].{ oo mk“'
=M bl T -
e | o 1\’.(1{—1 ) ET 4ok T

k=1

L k=a f -

(k=1 nc contribue pas)

mo 2 k-2 o ket -
e m? L Z + m 2 ‘
L k=2 (k-2 )". o=t (k—' ),'_‘
&____V__.J L_____V____J

eM e

o = B(¥*) - [E(X)]® = (28 + m) - (n)?* =

m

P

k-e

L
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3°/ VARL:BLE CUNTINUE

e e e

Nous montrerons cu'une veriable continue dépendant d'unc infinité
de ccuses, inddépendantes, ayant toutes une action infiniment petite, obéit

& une LOI DE LAPLACI-GAUSS :

La probabilit¢ d'observer unec valecur dec X comprise entre x et
x -+~ dx est,

-z = e o imrzen

aaiiy

- £§§%$?2 O = veleur centrale
£{x)ax =~7%§ e o®= variance
Vv

al &

e sanc - =

Exemple : Dans la traversée d'un écran, une particule chargée
subit une diffusion coulombiennc multiple : l'angle de sortie obéit & une

loi de Gauss,

Les lois de Gauss ¢t de Poisson sont égalencnt des cas limites

de la loi binomiale

ILOI BINOMIALE]

n épreuves

— T~

GRANDES S LRIES PETITES SERIDS
Le probabilité de rcalisation n -» ©, mais la probzbilité de réa-
de 1'événement A reste finie, lisation de 1'événemecnt devient
n, k > extroémement petite; de sorte que :
fn = — - variable continue n = E(k) = np reste fini

4

e

LOI DE GAUS = LOI DE POISSON
m grand :
de valeur centrale p E(k) =np = m
d'écart-type ,Jl%g o) =~/m

D'autre pert, si m devient grand, k tend vers uns variable continue
et on montre quec la loi de Poisson tend asymptoticuemcnt vers une loi de Gauss ;
on considere alors vm comme 1'écart-type d'unc variablce gaussienne (valable

pour m > 30),
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UELGUES DEHMONITRATIONS

La fagon la plus simple d'étudier l'origine et les propriétés des
lois du hasard cue nous venons d'énoncer consiste & intrcduire la TRANSFORIEE

DE FOURIER de la loi dc probabilité, appelée FONCTION CARACTERISTINUE.

it X‘“}
On définit donc : oy(t) = E e ‘1
it x
c'est-a-dire : @X(t) = L pie pour une variable discontinue

it x
/we f(x) dx pour une variable continue.

S
>
—~
e
~
1

La fonction caractéristique de la somme de variables aléatoires

indépendantes est égale au produit de leurs fonctions caractéristiques,

D'autre part, on peut développer ¢X(t) :

2 . )h

‘Px(t) =1 + it B(X) =+ %}Q E(X2) + vo0e + (it E(Xh) + eae

h,

Les cocfficicents du développement sont les "moments" de la distri-
bution de X,
Un changement de variable et d'échellc s'exprime simplement sur

la fonction caractéristicuc

- 1=t
. . X =-a P 1
S1 & = B (p‘;:(t) =€ (PX { T .
° \
Ixcmples

—

LOI BINOHMIALE I Prob, l
IERE
| o q |
I . - H
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i)
PaS
cr
~—
It
o
o
+
2

]
~~
ot
N~—"
il
7
o]
@
+
Q
\

-m k
LOI DE POISSON P e e
( ) itk ~-m (m nlt)k -0 melt
o, (t) = Z P_e = 2 e T =e e
m(elt-i)
o (t) =

(On retrouve, en développant ¢(t), le résultat E(X¥?) = n®+m).
LOI DE GAUSS %2
: . 172
Soit x la variable réauite : f(x) = 7=
%2 _-*_-i -_/X—i‘tz
, e dtx - X T 4w 5
o(t) = — : e e 2dx = 2 . j e dx
7z | |
- 0 - 00
2 p
~ + @ ...%.2- ! PiO‘“‘B
soit une intégrale de la Torme i e dz .
J
- 00
P
I
Intégrons sur le contour C @ !
\ \!'7(-"'.:..‘
z? - ‘
le 2 4z =0 (pas de pdle & l'intérieur C
% de C
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8i |x| » =, les contridutions Llespeitits coté

2
+ o0 v o 4 2
Donc : . - iﬁ.w.ii_ Fe %T
! z ] 2
i e < dx = | e dx = Vor
J- fev) V/
— OO
U
t2 |
. G
et o(c) =e  °©

ETUDE DE LA LOI DE POISSCH

Considéron

2

des pcints distribués au hasard sur une droite, et
soit A la plus petite distance =ntre 2 points consécutifs (on suppose qu'il

-

n'y a pas de point d'accumulation).

On découpe l'intervalle AL sur lequel on compte les points en n
. . . AL
intervalles égaux Ax tele que Ax < A & OAx = =
Soit g la densité des poinis sur la droite. Posons m = AL
La probebilité d'aveir 1 point sur Ax est : ghx

0 est : 1 - ghx

o . . . . - . .
1~/  Associons & chague intervalle une variable aléatoire X prenant

les valeurs

X =1 s'il cxiste un point sur Ax prob,

ghx
1 - ghx

0 0 prob,
Ta fonction caractérictigue de X est .

Qx<t) = ghx e (1 - ghx) = 1+ ghx (e - 1)

'V—.AL_m
FEE=e T TR

7863/p/umh
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Le nombre de points sur AL, c'est-a-dire sur n intervalles Ax, est :

n
k= oX , d'ou :
1

o _n - it .n
N ! m(e *° - 1)
¢k(t) -i—?x(t)_} = 1+ ——~—?;-——f‘

m(eit -1)

Sinoo (pk(t) = e —_— LOI DE POISSON

20/ Cherchons maintenant la loi de probabilité des intervalles entre

deux points consécutif's,
La probebilité d'avoir O point sur Ax est 1 - gAx ;

La probabilité d'un intervalle AL, c'est-a-dire la probabilité

d'avoir 0 point sur AL = nAx est donc :

n

(1 - gbx)" = < - 532 > — 8L

La loi de probabilité normalisée est :

£(0L) = go " ’ g = =

<AL> = distance moyenne cntre 2 points.

AEElication

Traces de particules chargées

dans une émulsion., On suppose cue les

a :

. e tes N ARNEVAR\

centres de développement sont distribués T\\L,A<”"“£'“")k\i,« t;““/1
!

o

1
au hasard le long de le trace, avec une '
6 = ’ <—L={+ot - >
densité g, et ocue tous les grains dévelop- ! !

pés ont le uCme diametre « .
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La loi Ge probabilité (normelisde & %) de l'intervalle L est :

£(1) = ge &

La probabilité intégrale {d'cbserver un intervalle >L) est :

Le nombre 4'intcervalles >L par unité de longucur est :

§ R -gL
N(L) = g ¥(L) = ge

On compte les "blobs" ¢t les "gaps" (Voir PH Fowler ot D,H. Perkins, Phil.
llag, 46,587, Juin 1955).

La densité des '"blobs™ est égale (£ 1) au nombre d'intervalles
5

visibles, c'est-a-dire L > «a

B = ge—g“
D'autrc part :
H = g0~8L = go 8% o8Y _ o8t
L=¢ +a

H est la densité des "gaps" de longucur > ¢ .

Pour 1lcs traces de faible ionisation, lc comptage des grains
fournit une bonne approximetion de¢ g, Ces distributions sont bien vérifieées

par l'expérience,
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30/ Dans le cas des ©ZTITES SERILS, la LOI BINOMIALE tend vers la
LOL DE FOISSON,

La fonction caractéristique de la loi bindmiale est :

it n it n
9, (t) = (pe™" + ) =[1 +p(e™" -1)]
Hypothéses :

n devient trés grand, p devient trés petit, mais de sorte que
le produit np = m reste fini.

(Loi de Poisson)

40/ Si m devient grand, la LOI DE POISSON tend asymptotiguement vers
la LOI DE GAUSS.

. . fas k~m
Passons & la variable réduite g

) =V o ()

. N2
Or, m(elt -1) = mit +m (12) R e AR

-itvm [itvmn + gig;i + ;, (it?3 + eed]
0 (8) = o YR

de la loi de Geuss

Fonction caractéristiquc



LOI DE GAUSS ou LOI TUS SHAIDS NCLBRES

Considérons n variables indépendantes 7;...Zn,supposées centrées

s . - . a - . ’ B .
et normées,suivant la mcme loi de probebilité (de iloivre) :

(J‘:X:i.t) = /' - '("}t,:“').: - s e e
Posons ¢ gl "C\ = Log ¢ '/1;) = L08(1 KR ‘)\,) =N\ - E + }.3. +
’ ‘7"/;\ / - PX\ ¢ Pl 3 )

(2éme ronction caractéristique)

Donc, ¢X(t) peut sc metire sous la forme génédrale :

n

up(t) = = T[4+ e(t)]

(%) ki /2
— v (- / = - = 1 + [—
0,08 = mug(s) et g 70 (%)
Va
I . .
- " ~=.' -» ¢ pour n = e Si 1 c¢st borné
'\'/D/
tZ
- . D ;3: . ’ - —é—
Donc, lim Jit) = - s linog(t) = e

fonction caractéristiguc de la Loi de Gauss,

Lovlace géréralice . resultat dans son THUOREME SUR LA LOI DES
< EE —

ERRZURS D'OBSERVATICI

i
=

i

i les crreurs élémentaircs sont indépendantes,

petites ct du mémc ordre dc grandeur, et si leurs lois de probabilités, a

priori différcntes, cnéissca®t o certaincs conditions trés générales dc con-

vergencc, lcur somme cuit sansiblement la loi ce Laplace-Gauss,
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Ce théorcme justifie, au moins vperticlicment, 1l'optimisme habituel
du physicicn dans los calculs d'erreuwrs : méme si leurs origines sont dif-
férentes, lcs causes d'errcurs sont asscz noembreuses pour cue le résultat
puisse étrc considéré commc gaussien, On peut dire : tout fini par étre

gaussien ..

Dans le cas particulicr de la loi bindmiale, on peut vérifier

que ¢g(t), avee

-tz
.k -1p fny - . T .
£ = k- rp ! 5 , 5t de 1l'ordre de ¢ pour n grand,
v/ npq P9
“''n

c'cst-a-dire que 1~ loi bindmialc teond asymptotiquement vers la loi de

Gouss pour les grandes séries.

GRANDEURS ALEATOIRES A PLUSTSURS DIuniVSTIONS

VARIABLLS INDEPENDANTES BT VARI.BLES LIS EN PROBABILITE

L A R L T TR TIETRSATIE T A e e LT AT T T e e

Sur chaque objet dc la population, on mesure plusieurs caractéres

par exemple le poids ct la taille d'un individu,

Autre cxemplc : un faisccau paralléle de particules traverse un

I3

dcran : on détcrmine a la sortic de 1l'écran la déviation angulaire © et lc

déplaccment latéral y de chaquc trajcctoire,

Limitons-nous pour 1c moment & 2 caracteres X ¢t Y. On définit
s

comme dans lc cas d'unc seulc -arieble, LB(X), E(Y), Tys Oy
L ]

Les deux variebles X ¢t ¥, tout c¢n ¢tant soumiscs au hasard,
peuvent avoir un licn dc ceausalitd . la connaissance de l'unc réduit, dans
unc certainc mesurc, 1'indéicrmination de l'autre; on dit alors qu'clles
sont liécs cn probebilité (liaison stochastique),

Considérons lc cas Ge¢ variablcs continucs : la probabilité d'observer
a la fois X entre x et x - é&x ot ¥ entrc y ot y + dy est égalc « la probabi-
1ité a'observer X cntre x ¢t x -+ dx multipliéc per la probabilité d'obscrver
Y cntre y et y + dy s5i 1l'on sait cue X ¢st compris cntre x ¢t x + dx,

c'cst-a-dirc



£(x,y) dx dy = 2{x) ax ~ C (y) dy
prcbabilité marginale probabilité de y
de x lide par x
)
/ £
a(x) = | 2(ay) a ¢, (y) = Fmr)
L /f(x,y)iy
De méme :
£(x,y)dx dy = b(y) dy x Co(x) ax

Les variables X ¢t ¥ sont indépcndantcs si la densité de probabi-

1ité est le produit des probabilités merginalcs :

f(x,5) = a(x) v(y)

c'est-a-dire si la loi liée c¢st identiquc 4 la loi marginale,
Pour chagquc valeur de x, on Géfinit : unc moycnnc de y liée par x :

[

R £(x,y) dy

un écart-type de y 1ié par x.

Le lieu de <y> ost la COURBEL DE RIGRESSION de y en x, Momes défi-

nitions pour x fonction de y.

LE COERFFICIENT UE CORRILLATION

&) Faisons &'abord l'hypothése de 1l'indépendance des variables X et Y

(supposécs centrécs ot normées). Les lois marginales sont des lois de Gauss :

_x _
2 1 2
a(x) = — ¢ b(y) = —= e
, 2T v emw

78€3/p/mh
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1

La loi de probebilité de le varicblc aléatoire & 2 dimensions (X,Y) est donc :

1
i - 'é" (Xz':' yz)
f<x:3’) = 57 €

Si les deux variables X et Y ne sont pas indépendantes, la somme dcs carrés

x2 + y2 devient une formc quadratique ax® + 2 bxy + cy® (un moyen simplc d'ob-
tenir des variables liées consiste & prendre deux combinaisons linéaires
indépendantes des variables X ct Y). Unc telle forme quadratique peut tou-
jours s'dcrire Ax? + (Bx - Cy)? et on peut voir que la courbe de régressionm

de y en x est unc droite,

b)
observations (xi,yi) avec la droite

y:

Cherchons donc a ajuster les

rx par la méthode des moindres carrés :

% 2
AR

S = - doit &étre minimum,

“ /

c'est-a~dire : 98 =0
or
¥R 40X,y o x?
S = 1"‘2'[‘ 11+I‘2 =
n n n
5 X Y, 2 xi X
=1 - 2r + r? ( — = ci = 1, de meme pour y‘)
L X, V.
a—§=0——) r = I
or n

E . .
) Origine du tcrme "régression". Ce terme provient d'une dtude biométrique
Si la

sur la corréletion entre lecs tailles des couples pére-fils (Galton).
tcille des péres, soit x, c¢st supéricurc a la moyenne dc la race, il en est de
mcme de la taille moyennc des fils, <Y> .0 meis dans unc proportion moindre

1o taille dos fils régresse vers la taille de la racc, OCc¢ terme dc régression

est resté cn statistique,
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. portir des oobservations,

coefficicnt de corrélation p =4 X1) .

Pour des variebles non récuites

ElX - ()Y - 2(Y)]

o

y = px est la moyennc de ¥ i X donné : c'ust L'éguntion de la droitc de

régression de y ¢n X,
S=1- p2 représentc le variance de le varieble Y liéc par X.

Le variablc liéc centric ¢t norméc c¢st donc ¥ - pX/% - pz .

Les variables X ¢t ¥ - pX sont indépendantes : E[X(Y - pX)] = 0

Loi marginale de X ¢

X2

i -7
— ¢
v ow

a(x) =

Loi de Y liée par X :

D'ou :
_ x® - 2poxy +yP
2
1 i - p?
f(x,y).—_—- ¢ '
om - p?

p = %1 . corrélation parfeite, c'cst-a-dire dependance fonctionnclle
p =0 :  corrélation nulle

Le
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Ixemples
1. Déviation angulaire © ct aéolacencnt lotéral y ¢'unc trece a le
Dévistion angulalre o o tebosmshe— leteral 7 o unt Lrrrio oo

sortic ¢'un goran &'épaisseur t.
(y ot t mesurds cn longueur ac radiation)
® = angle projcté sur un plan.

Fermi a calculé la loi de probabilité de @ ety :

(e 3 -
- - L
ce 2 %
r(e,y) =2 2 e -
2r 2
~—
A
ou : W = 2—1_}}-)@-Cz Es = '\1 Lr x 137 meu2 = 21 MeV
s
Be) =0 E(y) = O
Le coefficient de 1'exponcntiellc peut s'écrire :
2 2 2
02 + 2 WOy + ¢y aveca:-—c—o— b=—é-9-- 0=-6-—(-£-
t 12 13
2 b 2
- b 2 . _—
= < - —c- © - C <y + P O>
rs bz\ / -b - 2
= Kc-—ri-\.y2 +a{@+ =7
c./ \\ a /
D'ou les lois marginales
1 ‘.n ‘ba\ 2 1 ('_o_i oY
- .\c- - —6-\ @ - 7 5% Q
| em / 1 w
en © A\J — e = — —= ¢
c 2T Vet
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1/ b2 173 w?
“z(enE)Y 2 (35)7
en y : A i e = S O R e
a var N 2 ik
D'ou :
_Jet 2 _ 1 Es"
% %% Q%—?<ﬁ@t>

La linéarité en t résulte de 1l'additivité des variances.

o 1
2 2
=[S = = = t202
%y 3 w g 3 ©)
. e ) ¥
Passons aux variables rdéduites u = — v o= £
% O’y

4 w1 1
A"Z‘rﬂ; T on 20'@0’y

La loi de probebilité pecut s'éerire :

1 uf- 2puv + v

1 - 2 -
P [ V3

1
avee |p = F

. 2 e
271\/1-P

f(u,v) =

La droite de rigression de © cn y cst

y = -3% y (moyennc de © liée par y)

®

1

=
%q | @q
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2, Angles de diffusion entre cordes, Correlction entre 2 angles

successifs.

On mesure les floches Y aux extrémités

des cellules t,

On calcule les difiérences premieres y

et les aifférences secondes D,

L'angle entre 2 cordes successives est :

Di y. +1 -y, : <
;=¥ < T

La différence entre ces y calculés est égole a celle entre les y

de Fermi au second ordre prés. D'ou :

2 2 z
O;:;G;:—;O‘g Gw=\/'3-'G@

Deux angles successifs entre cordes utilisent une partie commune

de la trajectoire et ne sont donc pas indépendants.

Considérons une trace de longueur L grande devent la cellule t :
A /, AR
W, 5 Q,
=7 ol i

D'ou :

2 2

H(o) od ()

Remarquons que <w Wi L4 #£ 0, meis .
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soit :

Elﬁpsa indicalrice
1\

2 2
&A--—Zf)u.v—vv = \/\
1

Disteivoution m cw'%\\no.\ e

de ©

VARIABLE NORMALE A N DIIENSIONS

Vecteur aldatoire X 4

M = 2(X)

1]
L]
[

7863 /p/mh



Supposons les viricdles X,...XN centrées,

le loi de prebabilité cst le vroduit de I lois de Guuss

1= i
2 o2 2 o3
1 (Y
f(X.. Xo 1..:1('“7)=—,'|:-_ e X——:'_"e
e < 2w G Vor 92
2
i _ = fg
7 0% 2 o
11 1 1
X eo00ce - = e = 1\7 e
\/27" O‘E\T (2‘”_) -/2 G’Gz.-.o-l\-r
La forme cuadraticue [ ] peut s'écrire XTG'X
1
S
— -
avec G' = gﬁ‘\\1 = V-t
g
0%
r 2 - T
V = 0‘2 = .L:(X.X
-}
| N
‘ - = \//dCJC G' = - i
0102 «+0y Vet V!
N variables indépcndantes :
-1 yTex
d 1 V!
f(x1 s X "O'XN) = T e
\ G'

I —
(2 )2 Vet V!

. m
' . R , . T . .
) T indicue 1'opeérction transposition : X = (ZyoeeZn e

7863/p/mh
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On peut toujours pesser de N varicbles quclcongues Yi aux variables indépen-

dentes X por une tranzformation orthogonale C

(cTc = 1)

X:CY =~ T T T
T mp } » XG'X > Y G Y avee G = CG'C
X" = Y°C
T T, )
VIG' =1 > CV'CCG'C=19-V6=1
7

V= ¢'v'c = ol 67X x°¢] = B(YY

D'autre part : det V' = det V, D'ol :

LOI DE GAUSS 4 N V.RI.BLES

7863/p/mh

1 1
(2x )N/ 2 Vdet V

£(rieeayy) =

O‘% PC102 PO1U3 ..,

- T

V=2(YY) = [ poyos 0F ceeenn..
-1 . o e

G =V ' cst la MATRICE DES POIDS

T

T
YGY = H(y, ...y'N)

MATRICE DES VARIANCES
(ou des covariances)

Démonstration per la fonction caractéristique

Iy

La fonction caractéristiyue cst difinie par :

> >
10 5% & t,% - ...+t it.X
. / 1M 2 0
(P(t1’t2°"tN) = E'RC l\XN'ﬁ = E e

-> ->
t et X vecteurs d'un
espace & N dimensions
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Dans le cas d'une loi normele, ¢ est toujours ce la forme :

- ."é- K(ty..0ty)

¢ =c

K étant unc forme cuedratique en ty...t, qui peut s'écrire

N

K = tTVt

a) Neture de V. Développons 1'cxponentielle dans les 2 expressions de ¢:
> > 1 -> -> 2 -> ,
¢ = E1 + it,X - 5 (t . X) oo E(X) =0 (variables ccntrees)

1 - %T E(t2 X2 + 12 X2 + vee + 2 t1t2 4% + ous)

1
1 - > (0’? tf ':'OJZZ tg T oeee 2 %t C102p12 *+ --.)

. _ 1 <
(ou encore : ¢ =1-= L”titj E(Xin))

ij

D'autre part :

1
1 - 'é" K(t1...tN) + eee

S
1}

Identifions les termes quadratiques :

-> > 2 T
K:E(t-X) =t Vt

avee Ivij = E(Xi:{j )A] J/.TRICE DES COVARIANCES
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b) Le densité dc provavilité est de 1o Torme

P(X) = Ac H=X6X

La relation cnire densite de probabilite ¢t fonction caractéristique

s'éerit alors :

it e X - 4o xfex --:l?_tTVt
/o Ae X = ¢ “ (1)

T
Par une substitution orthogonale C (C°C = 1), nous pouvons rendre
les n variables Xi indépendantes, c'est-a~dire réauire la forme quedratique H

« 5es axes principaux, ou e¢ncore "diegonaliser la matrice G" IX = CY, s

ay
N LT LT T .-
d'ou : £°GE » T°C°GCY = Y G'Y G' = Ay
o N
AY
a
N
(a, = —13 pour les nouvelles variables)
1 o,
i
D'autre part :
-3 -> . il > -
. - T T T
L=t X=tCl=uY=u-Y
m T moT T [ ——
avec uw =t 0C->uC =t et t = Cu
La relation (1) devient :
- > U 4
iu Y - _1.. Y"LG!Y - _‘_. uTV"u
z 2
" 2 e T
e Ae dY = e vi = C°VC

e jecobien d'une trans-
fermation orthogonnlc est
gzl a 1,
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I1 y a décomposition en un produit ce termes :

1 1 Y%
W Ty = g T T o
e e dyk = = e k
k
Donc 5> - 4 T 1 T 4
iueY /q,az...aN -7 Y'G'Y > - 5 uG' 'u
/e —————1\7— e dY = e
(2m)™/2
done : v o= gt soit : CVCCGC =1 |g=v"

D'autre part :

a1a2--oaN = det G" = det G’ = d__—e-%_Tf

D'ou :
- -12- V'R

1 1 (voir Cramer, p. 118)

(21T)N]2 Vet V

-

£(X) = e

FONCTION D'UN VECTEUR ALEATOIRE NORMAL

"PROPAGATION" DE LA MATRICE DES VARIANCES

N i

o ) .
17/ Fonction linéaire :

Soit U = AX ou X est un vecteur aléatoire normal, A une matrice

non aléatoire,

E(X) = M E(U) = AM

vy = E{[U - E(U)] (U - E(U)]T} =E {AX -1 [X- M]T AT}= AE (X - M)(X - I,L)T]AT

) T
daonc VU = A VXA
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U =U(X), c'est-a=-dirc . W = f,(x,...xn)

4 = 1 (% ,Xz--oxn)

© s T2 88 e Ue 08 CC e 0N

Yy fn(x1,Xé---X )

it e e —,,.sq;_-f‘—_-w‘ 2
[OF N

;o3u \"\ 1

i - = —————

YAy ) 0%

\ T A

\ ] J

’ - - - \ -
Développons cutour de la valeur wmoyemne B(X) = M (m,,mz...mn), en

nous limitant aux termes du ler ordre :

Q)‘m
il

U(x) = u(u) (x - u)

+

(c'est-a~dire cu'au premier ordre : E{U(X)] = uz(x)] )

V. = /8 /3u”
U OX/ X \OX)

o

Dans le cas particulier d'une fonction de n varicbles indépen-

dantes, u = f(x1...xn), on retrouve la relation classicue :

_2 ‘T‘
@) =
u <

QJ

AN
;)

C\)
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LA LOI POLYNOMIALE

Au licu <e l'alternative : reclisation de 1'¢vénement i - non
réalisation de A ou réalisation de 1l'événcment contraire B, nous avons
maintenant N possibilités. Par cxemple, on fait n tirages indépendants dans
une urne contenant N espéces différentcs de boules (en remettant la boule
dans 1l'urne aprés chaque tirage) : les nombres observées sont g 3Dz 0 0 o Ty,

les probebilités sont données per la composition de 1'urne,

Un autre cas est celul d¢ la comparaison d'un histogramme expé-
rimental avec unc loi théorique : on dispose de n mesurcs que l'on répartit
entre N catégorics (excmple G'un histogramme de messe d'un systéme de

2 particules),

Etudions d'abord le cas simple ou il n'existe que 3 possibilités,

donc 2 varicbles algébriquement indépendantes :

Varicbles auxiliaires

Catégories Probabilité Tirages X Y

® Py ny 1 0
@ P2 N2 0 1
@ Ps Iy 0 | 0

= Sn.=
Z‘pi—'l uni-'l

La probabilité du "tirage" (my ,n,,ns) si l'on fait n épreuves

successives cst donnée par la loi polynomiale :

n,
Pn N3y = =——————p
1 902 5113 By 10, 11y | Pt P2 D>
avee ny + n, + ns = n donné

Py + P2t Ps3 1
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0 ; -
17/  On affacte chraque tirage i Ge deux varisbles aléatoires X et Y

prenant les valeurs 1 ou O :

1 prcbabilité p, 1 probabilité p,

X 7 A

. Y.
i i
™~ O  probebilité g = 1-p, = p, + Ps ‘\\QO probabilité q,= 1-p,= p,+ps
E(Xi) = P1 E(Yi) = P2
n, =2%_ d'ol :  E(n,) = np,
2 Bem. 2 =2l T Vo - X.-
Gn1 = E(ny -np, )2 = T \ i,gi/ = NPy Gy <Ei = Xi P1>
“ 2
De méme : E(n, ) = np, 022 = E(n,-np,) = np,q,
On peut choisir les 2 variables réduites :
1y -np, ot N ~Np

vnp, g Vnp, Qz

(on peut choisir deux variables quelconques parmi les 3 variables ny ,n, ,n5

liées par n,+n,+ns = n)

Coefficient de corrélation

N
ny-npy = L,C:,_.,

[
1
<
!

o]

(variables centrées)

1t
Iy
3
n

Lt
I
it}

Nz -np,
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)

E[fh =Py )(nz'npa )] = Z E((Zi T?J

iJ

or les £ et n provenant de tirages différents sont indépendants

E(2;m,) = 0 pour i £ j

d'ou : =l (n, -NpP4 )(nz-npz )] = n E(X-py )(¥-p,)

- & ny -np, )(n,-np, )] - L(X-py ) (¥-p,)
vnpr & Vnp, a VP & P2l

(indépendant de n)

P

E(X-py )(¥Y-pz ) = D(XY-py Y-poX + pyP2) = ~P1D2

(on voit directement que E(XY) = O, d'apres la définition méme de 1'espérance

mathématique)
S
d'ou : p = - !P1Pz
o) G %

o .
2°/ On montre, comme dans le cas d'une seule variable, que, pour n

rand, la loi polynomiale tend vers unc loi de Gauss.
’ P

Avec les variables réduites

« _ n] -npj A 11?_ "'np2

o1 = 7 G2 T =

Vvnpy g, VNpy Q2

cette loi de Gauss est .
s . e 2
- l w%'@bﬁﬁa T %2
) 2 feg? .
¢ Yar. as. . L | - P Az 452
f(‘ﬂ G2 )5 &, = o 8
vi-p
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riables x ,x,

Py P2

(1"131 )(1“}72) - bP1P

s

Q1 G2

- %3 liées

0y -npy Np —Npp

X = — X, = —S— -
v vn

clgébricuenent par la

1 G2 A Q2

- reison de symétrie, on uréfere aux variables &,Z, les 3 va-

relation x,+ %, + xx = 0 :

n; - 1’1‘}_?-_5

—
vn

~ 2 77
X1 X . % 4142

D'autre

2 A o e o2 z =
i IR : Xy 0 Fq D2
R ‘ A —
1-p2 D1 U Q22
e
¥y X
S
P1Ps 1%
’
- ( (. 1> 2
N Py Ps
2 2 2
T . )
P4 Pa Pz
part :
1 dx, dx,
o A _ 2
Az A5, x o = T
V- VD g P2

D'ou :

— . X
VP14 D2, P2 | Ps

S e et T vr i e

e q1 xg
P2P3
xx 11N 2
bs '\\Pz Ps 2
x5 = (% + %)

\/%Qz

_ax ax

P3 VP11 P2P3
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Cette sexpression appelle quelcues remarcues : en apparence, c'est
une loi de Gauss a 3 dimensions sans corrélations., In réalité, cette loi
est DEGENEREE dans le plan x + X, + X5 = O, et les deux variables algébri-
guement indépendantes, %y et x, par exemple, ne sont plus indépendantes en
probabilité, Ilais la symétrie ue la loi a 3 varicbles la rend plus maniable

dans les applications.,

Plus généralement, la loi polyndmiale & N dimensions (N catégories)

tend vers la loi de Gauss :

’ x2
-2
2 i Pp.
1 1 1 1 =
f(x,,...xN) = e 8(L x, =0)
- N T, 1
(or) 2 Fi
n,-np,
avec xl = —
vn

Le nombre de DEGRES DE LIBERTE, c'est-a-dire de variables algé-

briguement indépendantes, est N-1 ,

II. DES PROBABILITES A L'EXPERIENCE CONCRETE

Tests d'hypotheses ct estimation statistique

La Statisticue mathém-tique & pour objet d'extraire 1l'information
apportée par les observations cexpérimentales, a l'aide du calcul des proba-
bilités,
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On peut aistingucr deux approches successives :

o . o P
17/  On veut, nar utne mesurc, confirmer ou infirmcr une prévision

iy

théoricue : c'cst un TEST D'HYPOTHISE.

0 ) - - . . .
27/ 8i le test est aéfavorablc, ou s'il n'existc pas d'hypothése
a priori, c'est l'cxpdriecnce seulc yui peut fournir une information : d'ou

le probléeme de 1'ISTIIATION STATISTIOEL, Un ces fréquent, aucuel nous nous

limiterons ici, ¢st cclui dc 1l'estimation paramétricue : la loi de probabi-
1lité dépend de un ou plusieurs peramctres inconnus, l'expérience peut nous

informer sur ces paramétrcs,
Comment exprimcr 1l'informction fournic per 1'cxpéricence ?

Lxemple : On détermine 1'énergie d'unc particule par une mesure
effectuée sur sa trajectoire., On sait guc la méthode de mesure conduit &
une incertitude expriméc par 1l'écart-type Tpe On connait donc la loi de
probebilité (supposéc gaussicnne) de la mesure I autour de la valcur vraie I .

-

Inversement, on vcut cstimer L, par la mesurce L : peut-on parler
d'une probcbilité de L, (donnée par la loi de Geuss d'écart-type o centrée
sur E)? Ceci n'a dc¢ scns que si I, est égalcment une variable aléatoire;
c'est le cas si la particule fait partie d'un faisccau, 1l'énergie des particules
de ce faiscezu étant distribuée sclon lco loi g(E). C'cst unc absurdité

si B, doit ¢trec considérée ccmme une variable certaine.

Lc probleme apporait cncorc mieux sur une loi dissymétrique comme
la loi de Poisson. Lo probebilité i'observer n événcments (n petit), si
-u u" .
7o Peut-on, inversc-
° n
. o s . o -u u
ment, si 1l'on e cffcctivement obscrvé n, considérer P(u) = ¢ o7 comme la

u est le nombre espéré, a pour expression Pp = ¢

loi de probebilité de u ? On pourrait (tre tenté de le feirce cn remerguant

que

. normalisation semblcble
F(n+ i) 1

[ -u
B " du = — = N
h ng ! n. « o Pypo=1
n

Ici cncore, il raudrait (uc u 50it unc veri:ble aléatoire,
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On voit donc epparailtrc 2 cas possibles

a) La grandeur u que l'on veut estimer posséde une loi de probabilité
A PRIORI g(u).

La loi de probabilité de la mesure x dépend de u, soit f(x,u).

Alors l'information tirée de 1'cxpéricnce change la loi ce proba-
bilité A PRIORI g(u) cn une loi A POSTURIORI G(x,u) .

[ R e T AT AR MM - E . MTDE T TR AT TR MM S e M. € ST T e e S A et - A L = = s

g(u) EXPIRIENCE — 5 G(x,u)
Probabilité a priori X Probabilité a posteriori

avec une probabilité
f(x:u>

see e Ewst e arme e e

La probebilité de u, si 1l'expéricnce a donné x, cst égale a le
probabilité que 1'cxpéricnce faite corresponde & la valeur u (g(u)) multi-

liée par la probebilité c'obscrver x sachant gue 1l'on a u; soit :
P 1% 'l )

(u) £(x,u)

G’(X9u) = g
]g(u) £(x,u) du

Un cas porticulicr simplc est cclui ou u cet, a priori, égalemcnt

probeble (dans un cortain intervalle)., Alors G(x,u) = f(x,u).

Reprenons 1'excmple de le loi de Poisson. D'unc infinité a'ex-
periences correspondent chacune & unc valeur do u supposé distribué unifor-
mément, on extrait toutes les cxpériences pour icsquelles le résultat de la
mesure ¢st n, Py(u) cst le loi ‘e probebilité o posteriori de u si 1l'on a

.

obscrvé n, La valcur moycnnc e u pour cette classc d'cxmériences cst

4

@ * un+1 o
ﬂb:] uPMu)&1=/e 5 &1=J%¥Q=1H4
0 . °

0

En raison de la dissymétric de la lei, cette valcur movennc de u
3

n'cst pas égale au nombre n ohservé,
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b) En générel, lo grondeur u cue 1'on veut cstimer est une grandeur

inconnue, mais CERTAING (Zxemple : détermination par 1'ecxpéricnce de la

messe ¢ 'une perticulc).

On affvcte alors unc probrbilité & 1'expérience clle-méme,
considérée¢ commc une IFRUUVE ALE/.TCIRE, La mesure fournit un INTURVALLE
ALZATCIRE (intervelle de confiance) cyant une probabilité donnée de contenir
la vraic valeur u,

N

LOI DE GAUSS (Loi symétrique)

e e e S

10/ Test a'hypothese

Une vazleur x déterminée par

1l'expérience apperticent-ellc a la distri-

bution de valeur centrele © et de dis-

persion o ? (Ixcmple : un angle de diffu- & X
sion),
o peut &trc connu a priori (théorie)

cstim€ cxpérimentalement

= / Npq dans le cas limitc 4'une loi binomiale
= VN dans lc cas limite &'une loi de Poisson,

Le probabilité pour cue, dans 1'hypothése (0,0), 1l'expérience donne
le résultat x ou un résultat moins bon (c'est-i-dire plus grand que x si

X > ©, ou inféricur a x si x < ©) est :

200 - (X—G)z
1 1 2 ¢
P = ] — e dx
% Jer o
2
Soit g = ;5;9 : lcs teblcs deonnent ¢ () = f%: [ ¢ dg
e
-§
— ()
d'lou P = 1 72(‘::/
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Pour X-6 =2¢, ¢ =0,95 et F = 2,5 %,

Lthypothesc est accevtée ou rejetde avee un certain SuUIL DE | 2

X
PROEASILITE. 1 N
J2T1
E ¢ ()
0.5 0.38
1.0 0.68
1.5 0.87
2.0 0.95
2.6 0.99

On peut cncore cxprimer le test d'hypothésc scus la forme suivante
La probabilité pour que, cans 1l'hypothesc (@,5), 1'expérience four-
nisse un résultat x dans un intervalle (9-X, ®+ X) centré sur © est :
O+ X
P=j' = ¢€)
8-X

Excmple : P = 95 s dans 1l'intervalle AB(@- 2, ©+ 20).

L'hypotuesc est acceptue si le résultat x est cans cet intervelle,

rejctées'il ¢st en dchors.,

Risques : - rejetecr  tort 1'hypothese (5 /)
- accepter L'hypothése alars que x apparticnt cn réalité & une
distribution de veleur centrelc @' # O (probabilité dc¢ 1'inter-

valle /B pour lz loi de Gouss centrée sur ©'),

2°/  Bstimstion

L'hypothése c¢st rejetée, ou bien il n'y a pas d'hypothése. La

meilleure cstimcvion de © est évidcmment x.
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définit 2lors un intcrvalle (©,,8,), dit INTERVALLZ DE CONFIANCE (fiducial

limits) de la maniirc suivante :

T1 est de wmoins ¢n moins proveble gue 1l'expérience donne le

)
N

résultet x curnd 1o valecur supposéc ce O s'écarte de x, Donc :

D

81 © < x, 1los valeurs supéricures a x devienncnt pcu probables,

S0it © = @

o x-8)

[ 25° -
P(Q, ) SRR ax = o g £s)

It

Probabilité de trouver un
résultat » x si la valecur
centrale est €, .,

S1i @ > %, les valecurs inféricures & x devieinnent pcu probables,

1
Soit © = @2 .

P'(e,) N L I T 1Y)

Probabilité de trouver un
résultat ¢ x si la veleur
centrale est @, .

Exemplc : P = P' = 2,5 % : il 7 a une 20 oy

W

probabilité 95 7% vour cuc l'intcrvalle symetri- ! }

o+

que (x- 207, x+ 2r) conticnne la vraic valcur

centrale ©,

La prcbcbilitd ost nttachléc, non & O, mals & l'intervalle, c'cst-a-

RELLZRYIE - LOTEN D'uii ZC LLCIY
Un Schentiilon de n CDoCrvatlons Xy ...%Xn provient-il de la

distribution d¢ val . ur ceniralc o ot 2o aiopersion o ?

On toeuwrn, comms ci-wilzud, comparel avee O la moyo:

&
o
o
¢
o
<
w
v
J
=

. . . / - . . - \ -
prenant pour Soirit-TyLo oA/M . L4l sion oot pltit (rn < 30), la loi de
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probabilité & utiliscr n'cst zlus 1z loi de Causs, meis le LOI DE STUDENT-

I'ISHER qui en dérive pour les petits dchentillons, et cui dépend de n.
A . .. A eq e . .
C'cst cette meme loi qui doit Ctre utilisdc pour lo comparaison décs moyenncs

de 2 échantillons,

LOI DE POISSON (loi dissymétricue) Ppno=c & 2

1°/  Test d'hypothése

Le nombre noyen cttendu étant u, on obscrve n., n est-il compatible
avec u ?

Si u c¢t n sont suffisammcent grands, la distribution cst sensi-

blement gaussienne, ¢t on pcut raisonner comme précédemment avec o =Vu.

Sinon, on dira cue, dans 1l'hypothésc u, la probabilité d'obtenir lc

résultat u ou un résultat moins bon est :

2 -u uk ot u uk

Sin>u P = ? e oS 1 - ‘% e T
1
0oy g
Sinc<u P'= % e T

Remarque
On pcut simplifier lc¢ calcul de P et P' en utilisant les tables

de la fonction I' incompléte.,

u
{ L—X XNdx
J' u
Posons : @N(u) = Ow S = g? [ e xhdx
‘ [ ¢ xax o
‘0
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u
i N : . . . [ =x
On calcule de memc @N_1(u) et lo suitce jusqu'a $o(u) = j c dx =1-e
o
U u S
o S (n) -4 - S Tuu
D'ou : ¢ (u) =1 Lo
n>u P = &n- (u)
n<u P' =1 - &,(u)

o s s e .
2°/ Dstimation (Tishcr, Regener)

Le reisonncment c¢st lc meme que celui feit dens le cas d'une

distributicn gaussicnne,

I* e¢st de moins en moins probcblce d'observer n si la valeur

théorique supposéc u s'écarte de n.

€i u < n, lcs velcurs » n deviennent peu probables.

Soit u = uy

4

-u uk
e =% :@n_1(u1)

P(u1 ) = i!

s[I8

Probabilité de trouver n
ou plus si la valcur atten-
due cst uy .

Si u> n, les volcurs ¢ n deviennent peu probables.

Soit u = u, @
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P'(u.z) = %C -t =1 - @n(ua)

Ici encore, on iait correscondre cux prebebilitlis P(uy ) ot Pt(u,)

un IIVTSRVLLLY DE CONFLICE (uy,u, ). La probabilité cue cet intervalle

contiennc la veleur u cst p = 1-T(uy ) - P'(u, )

fxemple : P(w ) = P'(%) = 5 %, soit p = 90 1

Dans 1'approximciion goussicrne, ¢(E) = 0,90 » & = 1,645, c'est-a-

dire que l'intervellc dc confiance cst : n = 1,645 vn .
% 3

LILITES DE CONFIANCE (90 %)
POISSON LOI KORIALE n + {
k= Pt G 4 n Uy
n U1 U, u1 1.12
0 0 3 - 0
1 0. 05 Ll'-o 714' - 20 65
2 0035 6030 - 4—. 32
3 0.82 [+ 15 0.15 5.85 (D'aprés Regoner)
IR 1,37 9.15 0.7 7e29
6 2,64 11.84 1,97 10.03
1C Deit3 16,96 4,80 15,20
20 13,26 29.06 12, 6L 27436
50 358456 €3.26 36437 61.63

En utiliscnt le provebilité "inverse" (u considéréc comme une

vericble oléetoirc o priori équiproboble), on aurait derit

U
-y "
P(u, ) = / oY 2odu = on(u ) cu licu do & (v )
J n, n-1
o
v P, ()
| | —-u un 3 A
P(u:e):/ c ETQU:']‘&‘n‘\uz)
Ue
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REUARQUE - C=CIX DO L'IUTURVALILD DL CUFLAICE

Ce choix ¢st arbitrairc, puiscu'il
) & ey

existe un nombrc infini &'intcrvalles corrcspon-

P

ant & unc probobilite connde, Cepencant, on o

jJ]

. Al N . . . - . - .
intércet o« choisir le plus petit de ccs inter-

valles, Q b ¢

Soit £(x) unc loi dc probabilité continuc, La probabilité
attachée & un intervelle (a,b) est :
b

-

P = :'/:f(x)dx.

Faisons varicr 1l'intcrvealle a probabilité constante :
f(b)dd - f(a)da = 0, L'intervellc (a=b) cst minimum pour da - db = O,
D'ou f(a) = f(b). Pour unc loi symétrique comme la loi de Gouss, 1'inter-

valle symétrique cst le meilleur,

LOI NORMALZ MULTIDIMENSIONNILLE

LOI DE %2

Soit un élément azldéatoirc constitué par les N caractéres X,,Xz,...XN.
L'ensemble des valcurs X1 3Xo o 00Xy obtenues par l'cxpérience cst-il compa-
tible avec la populction définic par lcs valeurs centrales My yeeolly et les

écarts-types Tt eeeCy ?
N

Lz loi de probabilité du vecteur cléatoire X est

1 - 12- (x-1)T v (x= 1)
1
f(xj e . ) = N PR [¢]
g (21r)”/2 Vet V
(x-1)" v (2= 1) = H(x eeaty) V = mutrice des variances
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Cette loi est difficilement menisble. On la rcmplace par une loi

globale de 1l'écart cntre le point cxpérimental (x,...xN) ¢t le "point central

M(m, ,..omN).

indépendantes x et y, supposées centrées et normées.

En coordonnées polaires : r? = x®2+y? , dx dy = rdrdy

J

Considérons 1'exemple simple de 2 variables A

1 ey f
f(x,y)dx dy = 1 e dx dy

o

AN

D'ol, aprés intégration sur ¢

r2
-7 2 2
f(r)ar = e rdr r2 = ( X~ Oy + Xz = Wy
\ 0—1 0_2
E(r?) = 2

Si les 2 variables x et y sont lides cn probabilité :

1 xX-2pxy+ ¥
2

£(x,y)dx a4y = ——" o

2 V1 -pa-

1_2
P dx dy

On pose encore :

On vérific que l'on o toujours Z(r?) = 2,

IL(r?) est le nombre de vzriables alsébriquenent indépendantes,

-
c'est-a-dire lc nombre de dimensions cu VICTLIUR ALZATOIRE X, ou encore le

nombre de¢ DIEGRES DT LIBLRTEL.
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VARIABLE X2

Dans le cas général, on pose :

2 o= (=T v (x- 1)

c'est-a-dire, s'il s'agit de N vericbles indépendantes

N X.=m,
2= 2 < = 1> d'ou E(x%) = N
1

t o R
x?% = H(x,,xz,...xN) = ¢ est 1'éqguation d'un "ellipsoide" de l'espace & N

dimensions., La probabilité d'avoir x compris entre x et x + dy est pro-
portionnelle & e /2 XZ(c'est—é-dire a f(x,,...xN)) et au volume compris
entre les "ellipsoides" correspondaht a7y et x + dy (dy provenant de

dx,,dxh,...de). Le volume d'un "ellipsoide" & N dimensions est propor-

tionnel a XN, donc la différcntielle fait intervenir yx .

La loi de probabilité normalisée cst donc :

X
2
e XNM dy
s LOI DE 2
o X e ae——cei—
[ . 2 XN—1 &, (Karl PEARSON)
o]

Propriétés de la loi de ¥°

— o T_— — - o — o

a) loyenne ct écart-type
2
LA K _
Posons 5 = v 5 = h
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. 2 A
La loi de x° prend clors la forme :

-v _h-t |
e V. av
r(n)
: 4  ~=v _h _T(h+1) T TN
E(v) = m) / e Vv dv = -—fzﬁjl = h d'ou : E(x?) = K |
]
(=]
1 -v _h+1 T'(h+2
E(v?) = T fh c v av = ‘ifzgjl- = h(h+1) ¢t ainsi de suite
o)
f, 40?2 b B(#) - (B(v)) o?
o =4 o0° = 4| EB(¥ - i E(v = 4h = 2N
o w42 - ] :
b) Loi limite
2 (2 -
La variable réduite est : £ = &_;LELX_Q _ ¥-h

Gxa vh

~ ~ . . . . a
On connait la fonction caractéristigue de v puisqu'on connait

tous ses moments,

. (it)? 1
¢ (t) =1 + it h + = h(h+1) + .00 = ———
Y 2. (1-1it)
-iht
¢, (t) =
v-h 1-14)"
T oy ) ()’ B
¢ = Log ¢ (t) = h! - it-Log(1-1it) | = h, (4 + Lo+ ...
v-h L I 5! |
A €52 € ) L I €7 M
gjg = 5 - ER \/__—h— + o, n T eee
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1
=
AN@)

\

+2
. - v - - . . .o - - . . - 2 . . -
Si oo , i » - T ¢ Ioodoi linite ¢ do lodl ae yx® ost une lei ce Gauss,
o . p ) : . v& =N _
Si 1lc¢ nombre cc dincnsions est grand, la variable e suit

V2N

la loi normele (s'appliguc croti-uement pour M > 3C),
i F

\ ~— {,
TEST D'HYPOTHESE FOC

Le loi de x® fournit un
tecst de compotibilité de 1'enscmble
des valecurs <X""XN) avee 1u popu-
lation déiinie pzr les welcurs centralcs

(m1...m ¢t lus disversicius QI,,...UF).
N

N) ‘
On calcule ¥® -» x5 . Lo probobilite

pour quc 1c résultst de 1'cxpéricncc soit

ce qu'il c¢st ou pire cst :

oC
P(x® > x2) =/ F(x? )ax?
X

2
o

¢t s'exprime & l'aide de la fonction I' incompléte

\
e—v vh_idv

Ot T —
N

P 2 /2 = o 3} :XLQ_.
P(x® > x2) ) vec v s

On choisit un SEUIL DI PROEZABILITE, par cxemple P = 5 j%, d'ou Xi

our un nonbre donné vy de degrés de liberté
&

81 x* obsurvé < 32 (v) 1'hypothésc cct acceptée
Si x® obscrve > x2(v) 1'hypothésc cot rojetée
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Ixtreit de la table de y?

v x§
P=10% 5 % 1 %
1 2.7 308 606
2 Lo 6,0 92
3 €e2 7.8 11,3
4 7.8 9.5 13.3
5 9,2 1.1 15.1
10 16,0 18.3 23,2
15 22,3 25.0 30,6
20 28,4 314 37.6
25 3l b 37.6 4,3
30 40.3 43,8 50.9

L'accord cst certaincment satisfeisant si x2 < v o
convient de se méficr d'un x® trop petit, puisque E(x?) =
de probabilité maximum cst obtenuc pour x® = v-2 (si

trop petit, les o sont peut-Ctre surestimés),

APPLICATION - COMPARAISON D'UNZ LOI THZORIQGUE LT D'UN

Cependant, il
v et que la densité

le y2 observé est

HISTCGRAMME EXPERIMENTAL

Les n valeurs mecsurics sont répartics cn N classes

N 31z ¢ o o I I1 n'cst pas nécessaire .\ F’:‘éq_uences

que les bandes soicnt de¢ lorgeurs égales,

On aura aveantage, 2u contraire a febri-
(SR ] ’

uer Ges classes a probabiliteés égalces.

q i (&

I1 faut que le nowbre G'observations

dans chagque classe soit suffisamment

grand (3 30) pour quc 1o tcst x® soit

correct, c'cst-a-dirc pour guc les fluc-

tuations dans chague clessc soicent gaus-

silenncs, Grandeur
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Pour cAZcJl ©LLLBU, o0 Genoriing, o 'tores la loi théorique, les

probebilités p., <'ou loo nombres ottendus np; .

Cn forms . ,

Les n, ac sor.c pos aigébriquencent indépendants 3 4 n, =n

loi de y* & ubiliser cst cellc & v = H-1 degris de liberté,

Ce résulint cst géniral, On peut former un x° avec des variables

£

entre lesguelles cxistent certaines relations algébrigues : le ncmbre de

degrés dc liberts de la loi de x° est €gol au nombre de variebles algdbricue-

ment indépencantes

L'E5TTHATION PARAMETRIQUE

P

La loi de probubilité, de forme analytique connuc, dépend d'un
certain nembre de parcmétres inconnus, Elle permet de tirer de 1l'expérience
unc informetion sur ces porametres,

On disposec de n obssrvaticng Xy ,XpeceXn. S0it F(Xy yXp 440X ,0)dX, ... dxn

la loi de probebilité de 1l'échantillon, € étant le paramétre inconnu,

Si los observations sont indépendantcs @ F(X yeeeXn,®)
£(x,,0) £{x2,0),..0(x,0).

Exemple : déterminstion de la vic moycnne d'une particule instable

a partir de n obzervaetions ac tenps de vol,

PRECISION D L'EITIIL.TICN

e = = - e

. ; A\ . . - -~ , . - . . ’
Soit t(xy...%n ) une cstimation de ©, L'échantillon étant considéré

' —

comme un c¢lément aldotoirc dont lao probaobilité ost donnée par T, l'estimation t

est une verico soirce, Lo précision de l'cstimetion t foite nar une

méthede donnée ceot wmcsurce ror of = D(t-9)2

- ! i [ < . : . - —
'J) H oo | F‘\-}\—1 ooo—\wT,\-")d-’H "‘L"{TI =
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Supposons qu'on puissc deriver por reoport & @ sous le signe /

@D
5]

i dX1 ...d:f.l\J = O

==
)
&l

1 eF T
E -@LObFi

!
i < '
L _ (— —

(1)

Q
]
(@)

b) Supposons 1'ustimotion COMRECTE : E(t) = 0

(81 E(t) =@ + Bn(0), 1'cstimation est BILISEE)
foon/ t(}g...}ﬁ\r) F(X1...){1\I,@) dX1...d.XN=@
d'ou, comme précédemment :

1 aF
+ — o 4 =
/..:[ u(X1...XN) 755 ¥ dx1...de =1

soit : B

c) Nous pouvons maintcnant calculer la varicnce Ui = E(t-0)2 , Pour

cela, considérons l'expression
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iF_ / o o ~ 1 :jF“-f
E’ u(‘t—@) =V ':F—ae) i }O
r 1.2F 4 aF T
u? B(t=-0)2 + 2w I (t=0) = 2= | + v? D] = o= > 0
| r : ®
A E a@_[ L F 26 >
soit : uzci +2uv + vEA 3 0
d'ou : A =1- A<yi < 0
1
Ui 2 — 2
| L 28
F 50 |

Pour toutcs lcs méthodes possibles d'estimation de ©, la précision

a unc limite gui nc dépend que de 1o loi de probobilitd de 1'échantillon.

2
. !
La qguentité A = E J— 9— | est appelée INDICE DE CAFACITE
I_Fd@_J
INFORMATIVE de la loi de probabilité,

En résumé : unc loi de probabilité donnée possede unc certaine

capacité informetive. L'information disponible c¢st plus ou moins bien uti-

lisée par la méthode d'estimotion (anzlogie avec le 2&me principe de la
thermodynamique ),
Exemple : Loi de probabilité goussicnne, n observations indépendantes.,
1 (x-0)3
3 g 1 S
a;é-LOgF:né—G cg T wvee f:-—-—:—c
Veor o
oo -2 : ~ P 4 n
7 2 Loef T 2=V - L L= = : A ¢st d'eutant
L = & _l.‘l
; O@ J i Qrz % ol 0—2
plus grand que o cst 2lus r~etit ot fur nocst plus srend, Lo meillcurc estimation

poesible a une precision Ty = oA/n : c'est 1'¢ecart-type dc ia moycnne dcs n

obscrv-.tions,
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Remarques

o - . .
17/  On pcut donner de 4 unc cutre expression plus facilcment calculable

3 .1 3F
B =7 33

2 A \2 2
Q_ Log F = = — < g§‘> + %r Q—F
002 F2 302

d'ou :

/[a@ (Log F) F ax;...dx = j < §g>dex,de

[ - d-x1-cuax\r

8@2
Y4 )
=0
~ T2 = 2
A___E[J_a_gle‘-Ei—-z-I’)gF—l
T ; L |

2°/ t-0 ct 1/F 8F/00 sont 2 variables aléatoires d'espérance mathé-

natique nulle et de variances Ui et A,

Le coefficient de corrélation entre ces 2 varicbles cst

" E)] L

= \ T o4 N
o, A
t

O)

Pour la meillcurc estimation possible, p =1, ¢t les 2 varicbles dépendent

fonctionnellement 1'unc de 1l'autre.
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Cc qui a été dit pour un paramétre s'applique également au cas

de plusieurs paramétres.

COMMENT FAIRE L'ESTINMLTION ?

I1 existe 2 méthodes qui, asymptotiquement, sont égquivelentes,

et fournissent alors toute 1'information disponible,

1°/  MINIMUM DU 2

Cette méthode s'applique si la loi de probabilité de 1'échentillon
est gaussienne (ou asymptotiquenent gaussienne), Elle fournit 1l'information

maximum,

Exenple : 1'élément aléatoire X,...XN dépend d'un peramétre ©,

On forme :

2

=
i
M=

- 2
l_x.-m.@Oi]
1 (dans le cas ol il n'y a pas de
o2 corrélations entre les xi)

-
1}
--

i

2 .
La condition g% = 0 fournit 1l'cstimation t de ®., Ce x? minimum suit une

loi & vy = N-1 degrés de liberté.,

Si 1'élément aléatoire X,,Xé...XN dépend de k parcmétres, on a k
2
conditions %%— =0 (j=1, k) et le X# minimum suit une loi & v = N-k degrés
de liberté,

On peut donner une imoge géonétrique de cette propriété : x? repré-
sente le carré de la "distance", mcsurée selon une métrique donnée par la loi
de probabilité, du point X(x,...xN) au point M(m,...mN). (Tous les points
de 1'"ellipsoide" H(x,...xN) - ¢t® sont & la nméme "distance" de M), Si Ty o o oIy
dépendent d'un paramétre ©, le licu de M est une courbe et le carré de la

plus courte distance dc x & cette courbe suit une loi de x? & N-; dimensions,

Par exemple, si nous avons 3 variables indépendantes x; ,%, ,%5, le
carré de la distence de X & 1'axe x; est x® = x? + x2, qui suit une loi &

2 dimensions,

Si I oo ey dépendent de 2 paranetres, le licu dc M est une surface,
et le carré de la plus courtc distance de X & cette surface suit unc loi de

2 . .
X" & N-2 dimensions, ectc...
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Le nombre v de degrés de liberté de la loi de x? est édgal, de

fagon générale, au nombre de varicbles aléctoires indépendantes moins le

nombre de paramétres inconnus (donc que l'on veut estimer) indépendants :
P q P

v =N =-C - (M- 0Cy)

nombre de varicbles aléatoires (mesures),

o =2
TR

nombre de liaisons algébriques entre ces variables,

NS
1]

nombre de parametres inconnus,

nombre de liaisonsentre ces paramétres,

(@]
N
i

Exemplcs
o o
1°/ N mesures indépendantes X,, veleurs centrales O, connues (test

d'hypothése) : v = N,

o Ca .
2°/ N mesures indépendantes Xi’ valeurs centralcs inconnucs : v = O,

L'estimation donne ®i = Xi .
o} . . . N
3"/ Comparaison d'un histogramme =vec une loi connue a priori : v = N - 1,

40/ "Fit" cinématique d'une rdaction observée dans une chambre & bulles :
sur chaque trajectoirc, on mcsure 1l'impulsion p et les angles ©,9p., On dispose
donc de N mesures indépendantes (N; = N, G, = 0) correspondant &4 N, = N
paramétres inconnus (impulsions et directions), Ces N paraemdtres sont 1iés
par C, = C relations algdébricues, cppelées "contraintes" (conservation de

1'impulsion et de l'éhergic), D'ou : v =N - (N-C)=¢C ,

La méthode du minimum de x® est donc une METHODE DES IIOINDRES CARRES

pondérés par l'inverse des variances.

Exemple : estimotion de la velsur centrale d'une série de n obscrva-

tions gaussiennes indépcndantes,

La loi élémentaire de la varicble X est

- -0)2
(x-6)
2 ol
1 i
f(xi,@) = e
Vemn o.

1
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(};i—@)z
o= 2
5 o
i
X, -0
dy 2 i .
dé:o_>2 = 0 d'ou :
i o
i
x
I . .
3 moyennc pondérée : si les o2
£ = 2 o3 i
: S,
5 1 sont ¢gaux, on rctrouve t = =
i o5

-

QI_x
o+ N

= L
;o

|

L
o

2
C'est lc résultet que l'on obtient c¢n calculant A = E[: S Log #] .
ae?
Lo méthode du minimum de y? fournit donc toute 1'information disponible,

Par contre, supposons © connu ct tous les o® = o2 inconnu. On ne peut estimer
’ op i P

o® par cette méthode,

2°/  MAXIMUM DE VR.ISEMBLANCE (maxinum of likelihood, Fisher)

L'estimation t dec @ est donnde par la condition :

F(X1,Xz,---XN$ ®) noxinum

o))
e

soit ‘é-é- =0
ou .
2 - mecr-o (1)
7863/p/mh -




On montre que cette méthode fournit asymptotiquement, c'cst-a-dire si le

nombre n d'obscrvetions est grand, toute l'information disponible :

o
v
8
=
(I
| -~
&l
(I

Si la loi de l'échantillon cst gaussienne, on voit facilement

qu'il y a identité cntre les 2 méthodes,

Dans le cas de iz paramétres @,...@k, la condition du meximum de F

conduit & k équations du typc (1).

ExemEles :

~ Estimetion de la valeur centrale d'unc séric de n observations

gaussiennes indépendantes : comme vrécédemment,

- Estimation de la variance o d'unc série de n observations gaus-

siennes indépendantes :

1 5 (Xi"m)2
1 L
Flxyeaex 5 0) = e
s n,
(27], )/2 ((72 )9/2
2
te n 1 (x; - m)
Log F=C"" - > Leg o2 - = by "
/ 2
" 400 \XL - m)
é—. LOg F=- %— l. + .;__ & 1 = 0
ac? < G - ot
dtol : o (x. =)
Estimation de o2 = g2 = 2—02=%
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On

- Loi polymémizic : lee v, sont ferctions ¢'un paranétre ©
-1
obscrve g 5Tz o5 ey, ZVEC 2 n, =n
~ - 2
[ l‘i - n.lr'i (@ )]
(N-1 degrés de liberté)

TS ot 2 2 _ 03
a) Minimum de ¥ X" = ? o5, (0)
2 1
Sy 2 - n? p.(@) -
% Lo s 8 [ api(e) - & 3 J - 0
3 5 F1 n
(p;©)]
b) Maxinum de vraisemblance
n n
F=P n, ! N
By gl2 5000y = 57?777;&1 [p@)] ... [PN(@)]
Log F = Cte + 2 n, Log p.(@)
i i
i} p, (©) . .
=0 - nip—iT@—-): 3 dOu‘t.

On peut vérifier que les miéthodes sont éguivalontes cu second
tais la méthode du maximum de vraiscmblance

on pcut vérificr que les deux méthodes conduisent

ordre prés (pour n grand).
est d'un maniement plus feocile,
- Loi de Poisson
& la mCme <¢quetion pour t, NE
On pecut celculer t
+lp - - - -

- par csproximetions successives
- par unc ndthede graphiquc

R
VOXrL1loLC

Consialronz 1o

2
%S Log T

E = ~—2 (Bertlett)
[ ~—a e
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C'cst unc veriatle centrie ¢t normée, asymptoticueacnt joussienne, On
construit g fonction ou parametre 6, Le grephicuc perict de déternincr
ll'estinmation © du maximum de vreisemblence ot 1'intervalle do confiance
(9,0,

APPLICATION - DETZRMINLTION DE L4 VID HCYENNE 7 D'UNL PARTICULE INSTLBLI (Bartlctt)

- 2 € S

Lz daésintigration n'est altectic que si ¢lle o lieu pendant un

certain temps T, dit TIiFS PCUINTIEL., On suppose cuc le probabilité d'obscr-

(o] .

vation est constante dens T, c¢llc est nulle % 1'cxtéricur ce i‘intervalle T,

La loi dc probabilité éldémentaire de 1'instant t de le désin-

tégration est :

- %

e | & T
(t)at = — - = =2 d"'&‘

f* ¢ T %ﬁ T{1-¢c T :}

[e}

» . - 3 . A
(Le zéro des temps est srbitraire, pourvu qu'il soit le mcme pour t ct T),
L'échantillon est constitué de n obscrvations t,,tz...tn auxqueclles corres-

pondent les temps potenticls Ty.. Ty W

I1 ¢st commoce de wrendrc comac parametre A =

. La loi de

ﬂ'A

1'échantillon c¢st donc :

F(t1o-u-tn§ )\.) = f(t1 ’K> f(tz ,}\) LI Y f(tn ,)\,) avec

- At
. i
£(t;,0) T
1-¢
— - AT,
| i\
Log F = &4 | Log A -2\t - Log\'i- ;
1 /
1 AN /
- %Ti
3 (71 Lo -
= Log F= 2 | — -t - = |
o y A - \T.
7563/p/mh o 1 ' M
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PR . PR S B - —~ )
Llestimetion do 7 ezt do

- 3 m
AN
T i
q — . \.: —
i 1 . i
T — = — X |t - l
by bel P - - AT,
i i
1-¢
« t.
ar ) o Loi
S1 T, =, on rctrouve T =
i n
Culcul de o~§
- AT,
B i
~2 I—— 1 BN |
ol = l
— Log T = al‘- — o+ |
ON? i A? _J

expression indépendante de la varicble aldatoire t,

I

- — Leg Fi =
Joa

QZLﬂ—
i

Donc :
- AT,
— A2 T2 1 oL
i ]

- }\. Ti\‘ 2

] | 'J
\ J

On forme la varicblce de Burtlett

- 7\.Ti
P '}\,Tl (3] —'I
" R -
?[_Xt SRSV n
1 1~6e 1 .
It
/ - AT,
- m 2 5 1 _—
/T'\ | 4 (K*i i
5 Z_J P - |
il -ar.2
\‘/ <1 - C '
/

et on détermine N et Ux

e T L T

sur le

graphique £(N), d'ou 1'cstimetion de T et

l'intervallc de confiance (74,74 ).
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ESTIMATION PARAMITRINE PAR MDTHODE DES MOINDRES CARRES (FITS)

T R I

L'estimetion paramétricue par moindres carres ne constitue
qu'un petit domaine du champ de 1l'estimation peramétrique. Nous la consi-
dérerons cependant assez longuement ici car c'est la méthode de base qu'uti-

lisent les grands programmes de chambres & bulles du type THRESH ou GRIND,

Les grands calculateurs effectuant les operations sont bien adaptés
aux calculs metriciels. Les considérations gui suivent ont pour ambition
de feire comprencre le méthode générale utilisée qui counsiste a2 rechercher
le minimum du x° du probléme (moindres carrés), Pour réaliser cette opéra-
tion, on travaille par approximations successives en linéarisant les équa-

tions et on répete le processus autant de fois que nécessaire (iteration),

Nous ne ferons pas, pour notre part, intervenir 1l'iteration et
les formules qui seront déduites doivent e¢tre considérées comme valables

4 chaqgue stade des processus iteratif's,

Le méthode d'exposition sera trés progressive afin de permettre

une acclimatation lente aux notetions trés condensées utilisées,

a) Cas ou il y a indépendance statistique entre les mesures et ou

on veut estimer des paramétres o partir des grandeurs mesurdes -» ESTIMATION

PARAMBTRIQUE SANS CORRELATIONS NI CONTRAINTES.

Ce genre de probléme se présente quand on veut faire passer une
courbe de forme connuc par des points expérimentaux soumis a erreurs. On
& - - . . , . ) . s
connait donc la forme de 1'équetion algébriquc de la fonction a adapter et

on veut,au moyen des mesurcs, ectimer les peramétres la définissant,

Par cxemplc. considérons, comme introduction 4 la méthode générale,

le probléme de faire passer unc parabole

Y = X F XU+ X, W
3 m m N . 4 - m
par les points (¥y, Uy )y eees (yN, uN) ol ug sont des quantités fixes et yy

sont les résultats de mesure,
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Wucllos scrtles meilleurss valeurs des peramétres Xo,% ct x,
/ porabole y(u’x>
D, i/

A La méthode des moindres carrés
>f l nous dit de former la ‘uantité
m ' t m
- — — - 2
: T
>q | "—___—“*T\\\ s < 10- 5 >
= - i i
I P
| ¢t de la rendre minimum par rap-
: ., Dport aux 3 paramétres x,, X, et x,.
: . > U m
et . REN o3 est llerreur sur y, (écart-type)
Il vient donc :
2 m
u, u? ¥
1 i ™
Ko 5 — + X b= +x, 0 == B 2
o o? X o2
i i i i
4 2 23 g'u Systeme d'équations
i T . i i1 dites "Dquations normales"
Xo &b — + X L = x4 == 5 ,
o? 3 o2 o?
i i
m
u? u u? v, u?
Xo 0 = ¢ Xy L2 rx, == 523
ol o’ >
i i i i

d'ou 1l'on peut déduire x, ct X ,Xp par la méthode classicque de résolution

d'un systéme d'écuations lindaires.

On voit s'introduirc naturcllement le formalisme matriciel pour
resoudre le probleme simple que nous nous étions posé, Ceci devient encore

plus évident quand on sc propose Ge calculer les variances des x,

m
Etudions donc le cac générel d'ua ensemble y. de mesures d'une

fonction y(u,...uN,x,..,xN), ou :

S

.eme C o - e . .
-u, = J Point de mecsure, Tixé avec j=1,...,N
J emc
-x, =1 parametre o ¢veluer, ovec i=1,.,.,n
m ..
- = result

tat dc la mesurc au point uj.
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Posons

o e ot - X - \
ij - JJ JJ Axi Xl (Xi/o

ou (xi)o est unc valeur approchée de X .

Dans ces conditions, il feut rendre miniaum

Q|
E
i
o

N, -
Al
w= 4 — (Ay.) .
o? 0
J
qui exprime cue la courbe y(u,x) passe au plus prés des points cxpérimentaux
(y,u), compte-tenu des latitudes permises autour de ces points cxprimées
m

par lecs varieances 63 attachées aux mesures yj .

On a donc :

2
, s s N by.)
g.n-l- :—-{-— Zg———-\ =O poul‘ i=1,ooo,n
. 1 /

En dévcloppent le¢ ler membre cutour de (x,),, il vient :

=M=

- OAy. / 2n
1 ] 5 1 <« )
2 (ij)(\ ax.\ 5 i‘Axk\ 3x.0%, ax1 >

e

mais :

A Ca -a a2 (0
ox,0x, ~ 3x; & Q. %, . L N 9%, 8%,

m
et comme les Ay sont pctits par hypothéses (y ~ y), on négligera lc dernier

terme., On pcut finalement éerire, avec
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N S(ij) ] B(ij)
B, = ?, el — (metrice symétrigue)
J

kyl = 1,400, n

les équations normales sous la forme :
Ax, = - H K
= g &y

La détermination de Axi est non biaisée.

b ~
Soit Axi le complément exact & (xi)o = X;, valcur approchée de X

pour obtenir la valeur exacte X On a, d'aprés lcs équations normales

N oAy . oAy . , N m\ OAy.
1 J I\ =/ -y —d 1
@ (P2 (=) (=) (i) = 5)

J

mais

donc :

A
<Ax.> = Ax, cagfd.
i i

On peut évaluer les variances sur xi(ou Axi)

., N, My .
ax, = - 51 N Loay, o2
i ik 2 J axk

m
DAy .> =0 uiscue <y.> = y. ¢t qu . =Y. - .
et comme Y5 puisg Y Yy ot que y, =7y AYJ
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N m OAy
Ax, = qAxi> = - Hik 2 L <y -y 3 J
AN T
N 3dy. dly. 1
R 2 1 -
<(Axi <Axi>)(Ax6 <Ax£>) Hy H, ;, <(ij) > e Tl i H,
J

puisque <Ay2j> =0'3.

Done, la matrice H que nous avons introduite plus haut est en

feit la metrice des poids, In repassant aux notetions G, on a donc :

5 aij aAyJ 4
R AR T GO C R
i o
J
En posant :
Ady. 2y,
i I BN
ax 9x. i
i
T 1 T -
G = AG, A > G = (AGnA)
X X
y y
Remerque

Cette formule cst un cas particulier d'une formule dec méme forme
plus générale, le simplification intcrvenent ici étant la diagonalité de

la matrice Gp ce qui n'est pas apparent dans notrc notation.
y
On peut aussi chercher . calculer la metrice des covariances

attachées aux yj, mais lc cclcul scra fait de fagon généralc su paragraphe
suivant,
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b) Générelicoy!

et ou on veut pstinc? LCS

[ RATNTES.

nosurecs sont alors y,(x,,,.xn)a Y2(X1°..X

»)

ou 1lgs Xy représentent toujours lis paramétres & estimer a partir des mesures

des y. soit . .
yJ 73

Pn notant comme precédemment Y lec vecteur des y et AY le vectecur
]
correctiona cpporter au vecteur Y pour aboutir au vecteur vrai Y satisfaisant

exactement aux gqu..tions IOﬂCtlon“ullOS du probléeme, la prcbabilité d'avoir

ﬂ [ l

1'échantillon y,, Y2 s eYys soit Y est

imn ] 2 m T - m 1 T
E(F1seeesyy) = oxp i- = (T-T) V' (1-¥)| = exp | - =(8Y) Gy AY
Y

3

ou : Vm = G est la metrice ¢e covariances des Y

La solution dcs moindres carrés est celle du maximum de vraisscmblance

coincidant avec celle zu minimum de x2, c¢'cst-a-dire celle gui rend

T
(AY) Gy (AY) = MINIMUM par rapport aux para-
Y metres & estimer

soit : 9M/0x,
ol aul oM o .
e Tam Tt Thm T 0 ou encore 9l/0OX = : =0
oM/oxn

Pour dériver M, on sc gulde sur ce cue l'on foit sur une forme quadratique

algébrique en remarqguont cuc Gn n'cst pas fonection des X,

soit X unc velcur arwrechéc ae X, on peut scrirc :
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r . N
J 7(x) = (%) + & (¥(x)) ax
ax
1:{ = X« AX
ou ¢ncorec avee
aY oY
A = - = -
oX  onX
Y=Y 4AX avee Y = ¥(X)

. . C . . . OM
Exploitons maintenent les conditions de moindres carrés, 5% = 0

->
m\T ] m m.T aY
0= 2(Y-7Y) c,,%ﬁ(Y-Y) = 2(Y-7Y) Gg T
soit
Ly aY T oY ~ T Y
fcmm=YGma$X=(Y+AAX) Gn =73
A A

m
axT(aT 6p ) = (Y- 6y &
Y Y

-9 m ~
AX = (A7 5pa) AT 6p (7-9)
Y Y

3

équction normale gui définit AX » ZENSOIBLE DES DOU.TIONS NORILALES DU PROBLEME
des moindres carrés considéreé.

-1 =1 .
On pcut ccleuler QAX = GX matrice d'crrcurs sur lcs xj ct lecurs

corrclations, On a :
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- -1 02X % /AKX -t 9AX \,T
GAX = by = L G & "“E\) = - > b m !
\3Y/ ¥ \ oY 3Y - \ay J
P, -1 -1 T
‘ T 1 . T . T
G Gmap L Gn G ST Gpa) AT Gy
L Y ) Y ¥ o\ Y Y|
-1 N ~1
m Ya: (VAR N
= <A»l Cm _,\.\ o G-m _l_] ‘K,‘\.—L Gm J.&\!
Y / \ L/ ¥/
» » i \ -1 Y
G, =G . ={4& Gy A ovee A = ==
X AX \ ¥/ 30X

L A . s ’ .
On retrouve dicn la meme cxpression que préedédemmont, mais

ici Gp n'est plus supposée diagonale,
Y

Remarque
I1 nec faut pes, dans la formulc ci-dessus, cffectucr 1'inversion
par la régle (BCD)~1= D778, car A ot AT ne sont pes,en général, des
matrices carrées,
On peut en déduire G%’.
oY 92Y 28X oY

T N T
Remarquons que -Mm=— . = = A" G A)Y AT G
oY 09X oY 0X \ Y

-1

=<3

ct done :
) A
vy \sv/ ¥ 5%
-1 =1 T
m -4/ m m
= tA.L <AI Gm j\‘> Al G‘m \Tm { /[. \’ 1‘&.“ G’m ..A-. “v [‘Ll G’m \\.
Y YOy \ \ Y Y/
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P -1 -1
m \ T —1 / m\
= A.(‘Ail Cm £y <4 Gm. G’m G'm pes ( .A Gm -.-' i AT
\ Y / SR 4 T
N yi
i
m =1, N mN~"t m
= A ( “..L G‘m A.\ : AT Gm .L'“x A. Gm JL‘L A .[.Ll
N R N A ANy
———
- 1
== - = e e e
— ~1
T T - -
AAT Gp A\; LA = A GX1AT = G»Y1
Y /

S = e T x w

c) Exemple simplc d'applicetion

Fit d'unc percbole sur ces points expérimentaux dens le cas ou il

¥ a indépcndance (e¢s points cntre eux.
Soit y = xyu + xu* + X, 1'éguation de cettc parabole.

Définissons aussi :

3

les n ordonnécs mesurées chacune avec une errcur cj(cé = variznce)

avec inGépendance des o entre eux et égalité de tous les o
u. les n ebscisses corrcspondantes considérées comme des daonnées,

X, avee 1 = 0,1,2, les 3 parametrcs & optimiser.

On a :
J1 bxo X4
y = : X = X4 = X412
4 §h B X3
soit :

y = Ax avece A notrice (noun cerrée) d'élément Aij = 2=

7863/p/mh



Par conséqucnt :

/1w, w@
A = T v, ud ot
a) Calculons ; .
-1 / T - (x-
Gg \A Gm 4
5
I /1/c2 1
Gy = Uy Uy eae ‘ 1
uf ugo,,. 1/02 .
AN
S1pe Dusr 3
1/c u y u? 52
1 J 1 J 1 uuj/of]
PP a
= o,/ o Ui /o2 L v R =
1 1 J J 1 J J
Suipt Bkt 8
e, A u-. A 2y U”, 5
1 J 1 Jd Jd Jd J ou
101
En inversant cette matrice : i
// S2 S3] |8 8
i SB S4 SZ SJ
- _ 0‘2 / 'u1 SZE 2 Sz
x det (G}'{) \ [Sz Sa | S2 8,
\ ! :'1 82 Zl S1
iS5 & Sy S5
ERKEURS L3 CORRELATIONS S5UR x4 ,%x¢ ¢t %

7863/p/mh
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w2
N
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W

Sy
Ss
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b) Calculons casuite J.T Gm 3mr pour celculcr a & partir de la formule
de lo pege 68, avee 72 0. On a :
1 1 Vn ;
Am G ; = u u . / - /‘Z’
2o/ N ez t
,’/? 3";3/“2
/ 'S4
= % ; u./c? = 52
1 J J 3
83
{ 2
2 vy v

S5 Do
1 Sy ;51 S D,
- ]");' S 2 Oo S3 = ﬁ""
535 S5 54 °

avee Do = det (G}'c)

De méme :
2 8, S5, r‘ I 5
xo= (xhe =2 =2 |5 4 s oo (@ e e S
= Oy S O = = =
Do Do 1 cz 3 Xy X Do
Sz 53 04 2
N . R
1
o 1 01 5y Z S1 h
X, = (x)i.’-' = =2 = — a a . 2 - C-1 02 51 SZ
DO DO [T Sp ¢] = o =
! o g a e z3 DO
~a U3 -")3
[ a
2 Sq ~1 SZ sz S3
oGz Baf oy o) o2 s (67 2or's S
= 5= = Sy S 35 | = = g7 S
Dy By 2 vz s ! Xe K « o Do
7863/p/mh ! R R P ! '




G, = i Gx £ on peut évaluer les errcurs aux points

/"oon’na

Vue la complexité de Gg (a8me dans lc cas simple traité ici!)

nous ne ferons pas le calcul cxplicitement, nous en laisserons le soin 4 un

progremme IBid por exemple,

d) Il est plus intércssant de rovenir aux équetions normales du probléne,

soit :

n - m \')
- - - 2 —
‘?(ya' o Huym XUl =0

1}
(@}

5 rg >\ n /m
— L - X=X X, =X W)= -2 2 ou. L= Xg - , - 2
0xy 2_1 KyJ A R PR Vi Kya To = T qua>

1}
(@]

) (2" m 2
—— . = Xop= X4 X.= XU~
X Li <y ° ! 2 J\

N =

m X
Ve [y, =X, =X,Uu.~-X uz.\;
J<JJ 0 1 J 2 J/

i

1

V]
[

Q

. . . . c
La veleur calculée par ces équations de y. est yj = xo4-x1uj4-x2u% .
J

Calculons :

moc
Y. =y.-y. =y, - xo-x1u_.—xzu3
J

m o) 2 n'l2 m /. s
.- Y. = FS-2 F. i Xog+XU.+ X,ud

et en sommant sur j

i?-i;z—hg‘.mx+xu xuz‘\‘x+xu+xu2 2m7
1 d 153 K o 273 R I b )
N .
vV
- ¥ on fonction des équations normales.
n m ‘ﬂ‘ m
7863/p/mh = Xy2 - A( Xo + Xy U, + X, U2 Vs
1 J LEAN J q)
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Donc :

‘m N\ 2

!

Yy

m nm m m
VimXo L Fim Xy L U, TemXo 2 U2 .
0 . YJ 1 3 yg 2 3 YJ

*td:
C_v.

A pertir de cette somme, on peut évaluer la variance S2de 1'échantillon des

y; par
Sa_ 1 _f\l‘/m C\‘Z
B CARES

ou le 3 tient compte du foit qu'il y 2 3 contraintes linéaires entre les

yj du fait des éguctions normales., Donc :

- RS ST e K e mETe = T 2 = = e - = Hew s R

S? = estimetion de la variance 1 i > g v X x.y ) xty
= .- a =yl XY, - Gal X3Y.
n- 3( yz of YTy XYy o Jyj>

sur y 1

o = e arias s e e o e e e 2o e o

Y C .
En outrc comme on & vu gue E(X) = x » ¥y coincide en moycnne avec

<y> et par suite

o
5(y.-5%.) est unc varicble x2  au fectour o2 pris, ot :
1 J Jd n-3 J,j

: 2 4 \ 4

. . o ] . 20
variance sur S2 = varicnce { — x? } = ——— variance <x2 ) =

N=3 -3 nN=3 n-=3

)  Gos ou il y & des iieisons algébrigues eatres les grondeurs &
estimer - BSTIIL.TION PLR/METRIVUL .VIC CORRCLATIONS uT /VIC CONTRAINTES

Dans ce qui précede, nous avons considéré des variables aléatoires
qui n'étaient pes foredément statisticuencnt indépendentes, c'est-a-dire que
les diverses cstimntions faites a'étoient prs indépendantes centre clles et
guec toute modification apportdc « une de ces cstinetions (par exempiec au
cours d'itérations du processus d'cstimation) rejaillissait obligatoirement

sur d'autres cstimnaticns,
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Pour préciser ce fait, 1t en vuec ce consicérations futures, prenons
l'excmple simple de l'cstimation Ges 3 angles a'un triangle, Pour cc faire,
- . . A s -~ . . .
nous mesurons des pcints sur les cotiés du triangle et par ces points nous

faisons passer, par exemple, les 3 droites de moincres carrés,

In opérant ainsi puisgue BC est communc
aux angles C et ﬁ, toutc nmodification
A de le droite ce mecindres carrés "CB"
modifie & la fois ces 2 eangles., L'ecsti-
netion de 1l'angle B n'est pas statisti-
B quement indépendante de celle de 6. nny
a corrélation statistique entre 1l'estima-

A A A A
C tion de B soit B* et ceclle de C soit C*.
Maintenant, il cst bien connu que pour tout triangle (notemment celui
S . - ot o«bs jal ota . 3
construit & partir des estimations A%, B%, C*), on doit avoir :

-~ ~

A+B+C=2p

.81 on veut respectcr cette rclation dans notre estimation, il faut trouver
la solution dcs moindres carrés avec une condition (contraintc) elgébrigue
supplémentaire complétement indépcndante de la méthode d'estimation et des

liaisons statistiques qui pcuvent exister c¢n son sein,

Nous aurons donc a rc¢soudre, en ce cas, un probléme algébrique
de minimum (celui contcnant la portie statistigue du probléme) 1ié par des
contraintes algébriques (cellcs-ci contenant los conditions physiques du
probléme)., Pour ce fairec, il cexistc une méthodc algébriquc classique, celle
des MULTIPLICATEURS DE LAGRANGE quc nous reppellcrons ici,

Soit ®(w ...uy ) une fonction 2 fois différentizbles ot des fonc-

tions By (W.eootn), Fo(Uoseun) jouissant des mémes propriétés., Il faut trouver :
(g oeoun) = MINIMUM (contient lc moindrc carré)
en néme temps que

Fj(u1...un) =0 (conticnt les contraintes algébriques)

7863/p/nh
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On forme alors :

m
Y(ueastn) = (U euetn) -513 kij(u“.-un) =G

On a le mininum de ¢ pour

ov ov . .

= = see = = =0 - n equations
ou dup

avece

o

Fj(u,,.,.,un) = » m équations

soit m+ n équations pour calculer les n variables u ct les m variables k.,

0 e 0 e e s e e e T e = S e e e O ) e S A s " - - - - — - - ———— - — - S W - -
0 o S 0 e G e e S0 e . st D s ot W D B o T e S e e S D D D B e (o . D e W e B T S S 0 B D D S Bp S o o o - s o " o —

La condition des moindres carrés s'éerit toujours :

M= (mr)T Gm AY = MINIMUM
Y

I1 faut y adjoindre lcs contraintes qui lient les variables contenucs dans M,

soit :

Fj(y,...yN) = 0 = F(Y)

Celles-ci ne sont pas forcément linéaires et si on connait une valeur approchéc
Y de Y, on pout écrire :
~ ~

~ m m - .
Y=Y+ AY Y=Y+A0Y » Y-Y =AY-AY

F(Y) = F(¥) + £ (07-2%) = 0 = F(¥) + BY - ¥

aY
soit
BAY + R =0 avec B = Qg = Qg
{ 3Y oY
R = F(Y) - BY
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On a donc pour le ninimum 1ié

AY = MINIMULL

Lo méthode des multiplicatcurs e Lagrange, conduit o former

It = (AY)l Gp AY = 2 kT(BAY + R)

Y
et & minimiser, Donc :
t
é-?(g—%) =0 = 2(AY)T Gm + 2 kT B (k cst supposé constent dans
Y cette méthode)
soit :
-1 T . .
AY = - Gp Bk (N équations)
Y
et :

k=GR (4=1...m > m équations)

On peut en déduire le matrice de covariances sur les Y.

On a :

T

(o3}

-1 /oY -1
GY = —m> G—m <
Y

)

)
oY
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Or,
Y -1 T -t T -
?..m=/ﬂ+a_%LI=/ﬂ_Gm1B (2-1’; ‘:.{'—G-n.:B GB"a—l;;
oY oY Y oY Ve oY
-0 - ¢, BF G};’ oF
Y oY
soit :

T e .

oo G;,,’ {.'G-r-n1 Bl> "'{’B G;'>
B o

Y Y Y

C D)

V
terme intreduit par le minimum 1ié
(contraintes algébriques)

Soit n trices d'une interaction, c'cst-a-dirs la particule initiale

(plus la particulecible) plus n-4 traces sortantes,
On veut traiter la cinémetique de cctte

interaction ayant mesuré pour chaque
particule .
/////////;ﬂ - son impulsion (grandeur et dircction)
- sc nmasse (en foit c'est une donnée)

Les contraintes algébriques sont celles

de :
- la conservation de 1l'impulsion
- lo conservation de 1l'énergie
soit :
Do .- b, N .
L P, =0 M, = U. ou M, = massec de la cible
q 1 T { 1 T 1/
U, = (P2 +12)/2
i i i

donc 4 équations de contraintes,
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Les grandeurs mesurdécs sont 1/Pi adduit: de la nmesurc Ge courburc (grandeur
' aGditive) avec une erreur o ‘I/Pi.

(Pi’xi ensles d'oricntations (azimut et dip)

des inpulsions avec les erreurs o~ et o“;\ >

i i
On & donc :
| 1/P.
m 1 m m m ! 1
y1i = ﬁ; yzi = Ki Jsi = ¢i - y = ‘ Xi
l ¢35

Reéerivons les contraintes algébriques en fonction de ces nou-
%
velles variables, en projctant P sur les axes de référence dans lesquels ¢ et A

sont définis, Il vient @

F1=§<P> = LP. cosh, cos ¢, =0 "

3 X/, PR § i i

1 1
n ac atq

F, = 2 <P.> = L P, cos A, Sing, =0 conscrvation de
1 Y 5 ; 1 i i

f 1'impulsion

n
Fs = Z<P> = % P.Sinn. =0
9 Z i . 1 1

i .
3 Ve conscrvation de
F, = =M, XL (P + B =0 L X
T i i i 1'énergie
o . . oF - .. .
17/ Il faut alors évalucr lc metrice B = =3 . Pour la trace i, il vient :
0y
- P2 - S3 - .
Pi cos Ki cos ¢, Pi in xi cos ¢ Pi cos ki S:anpz.L
2 e - D * o] K . .
- Pi cos xs_mpi rislnxi Sing. - Pi cos 7\1 cos ¢,
(B)i =1
- P2Sin, P, cos \, 0
i i i i
s fo
* P30, 0 0 )

AN
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de B, on passe a GB par

avec :
o2 o2 o2
1 1 1
:.P.. -Ij'v’/\ .f‘—’() . )
ou c;y représentent les covarian-
-1
Gpn = 0%1 G; Gi@ ces cntre x et y qui sont ddédui-
Y T;,x tes des mesures et de la méthode
d'estimction utilisée,
o? c. o?
1 A ¢
A /

20/ Le premiére évaluction de R se fait avec AY = 0. Dans ces conditions :

~

R =F{) -Y » R = F(Y) = F(”? +AY) = F(?’)

3/ Les multiplicatcurs de Lagrange sont dans cc cas
c 0 7
k >k = Gy R =GBF(Y)
40/ Lo premiérc évalucntion des AY s'en ddduit inmédiotcment par :

OY) = -6 BT K

Y
donc :
m
YO = ¥ +AY°
et
-1 - - T - -
G - Gm1— Gm1 Bl G 1 B Gm1

B
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2/ Cas général ovec contraointes algébriques et perametres a estimer

Les mesures de yj(X1...Xn) seront notécs yj . Les x sont les

parametres & estimer & poartir des y.

Les conuraintes algébrigues sont de la forme Fk(y,...yN) =0 .
On a donc, sous formec implicite
G (eenemn; Jeayy) =2 =8 (5,Y)

Ces fonctions ne sont pas forcément linéaires. On supposera que l'on connait

des valeurs approchées X et Yde X et Y. Dans ces conditions :

& = 3(X,Y+A0Y) = ‘?{ AX Eli (AY-AY) = 0
oX aY
avec .
m m ~ ~
Y=Y +AY Y=Y +AY X =X+0X
soit :
AANMX +BAY + R= (¢ avec (A = 9% /60X
~ m
B = 28/0Y = 8¢/0Y

8(X,Y) - BAY

=
i

La condition des moindres carrés s'écrit toujours :

T B
M= (AY)™ Gp AY = MINIMUM
Y

a) La méthode des multiplicateurs de Lagrange conduit a minimiser

M = (AY)rl Gp AY + 2 kr(AAx = BAY + R) = nininum
Y
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te

Considérons d'abord lecs données partielles de M' par repport & Ay,2 AX = C

qui expriment les conditions de minimum 1ié pour M; il vient :

1
M o 20r)T e, + 2k B
3RY
Y
soit :
AY = - cn' BT k k=GB(AAX+R) ; =BG, BT
u B
Y
b) Partant ces cxpressions dans M', il vient :
1 T <
M' = (AAX + R) Gy (A AX + R)
car,
T =1 T . - _1T (o=t 2T -1 |
M'.—.LGm B GB(AAX-!-R) Gml-Gm B" Gy (L AX + R)
Y 173 Y i

. oy L T -1 So=t T ’,
(A AX + R) (GB) B/G/Gm G{? B//%/(AAXTR)
K

. s
\ NG i

“3 | }3/5/)/

Si nous évaluons maintcnantles dérivées partielles de M' par rapport
t
% AX, & AY = C°, on obtient :

oM T T, T T
5% = 0 = 2(4 AX + R) Gyh > x) (A GBA) = =R GBA

soit :

T o
AX = - <A GBA> AT GgR
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c) On peut cn décduirce les notrices de covariances pour lesX et les Y.

On a :

ool - X -t aaX\T
ax =% 2 7)) @ (T

aY Y oY
or,
’ N -1
BX _ _ 4T GBA) £F e, % s - <AT GBA> Ay &
Y \ oY oRY
7 o
= - (A GBA> A GB B
Donc :
-1 ' -1 T
-1 -1 2 T /(,T T
G 5 = GAX = ((A c.BA> A GB B) G},{n k(A GBA> A GBB>
o o T /T -
=({4A” GA) A G BGpB GA[A GA
B B 3 B K B
)
-9
Gy
T N /T AN
->

~1
-1 T
G x = <A GBA>
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Et .
-/ 3YN\ -t /3T \T Y -1 T ok
G ={( -m Gmk—m> evee ~m =4 - Gpn B -m
Y aY/ ¥ \ ayY aY Y Y
Y S Gy (B~ A(K "y n GB)
Y
avee
-1
T -1\T
= <A GBA> = (K ! )
Done :
o) A_ o' gl AR T -1 T -1 4 T .. ,=1,T -1
o =|B- Gp B GA KA Gy-Gp B GyB | Gp|A- B Gyh K AT 6B Gp - B
Yy L ¥ Y YL By
-1 T
= G’m - G'm B G’ !& G’ G‘m - G'm B G'BB G‘m
Y Y
- - -1 - = - -
+ G BT Gy AMGBB G, - Gp }T/BB G+ Gp B> G.B Gy
Y Y Y- y 4 B oy
- T -1 -1 - - - -
-Gy B Gy A;A(GB ¢ 4+ a BT G & K At Gy b K AT A ey
Y Y Y Y
= | - -
+ Gy BT Gy & MGBB o
Y : Y
-1 -4 1T - -1 -1 -
G = Gpm =GnB GB Gm + Gn BT GBA(AT GBA) AT ¢.B G
Y Y Y Y Y By
car,
-1 - - - -
¢ BT ekt AT gh K Tepe - g BlehK AT B G
L B B B g 4 B B
> Y

K

T

Le compcroison entre le ccs des liaisons sans détermination de

paramétres et celui ou il y a en outrc des paramétres, est faite dans le

tableau ci-apres.

B

G.B Gm

i

Y
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X A
w m xr \.m T Aﬁm w ol
o - S Aa.r? 9 ec; D E :
X I X
w g Wn - Wn = &
TS I R
S09INSOT §INOPUTII SAT J0S §MPALs, D 09 Ta3ou
i _ X
T?waﬁ 9

QG v v8 v - = - Xve
L T?,wa.v XV « 0 o

soxgeouer2d Sop UOT}IUTHIGIOQ <

(¥ + xv im.u

= 3
X
ive
bl w - = =
. 17 « 0 =53
/X
! w = !
Tém D mv i)
X
(¥ + kv d + XV 5% Z2 + (Z9)%s BQS =1

S9IJIBO SOJIPUTON SOP UOTLTPUOD
C=8+1Ivd +XVWW

xve xe ie xve
Tom T AR me T d
AveE - (x°R)a= ¥
JOUTEEN T S9aNSAU mmc saagaucaed = nx
Tt < oeansour _ b = B

E 23
o - AE.vmooo uuﬁ mC%oao—‘hv.ﬂm

Se. e ¢ meamrmo——

$01UTVILUO0D

WIMTLST ¥ SMILIVAYd + SHLNITIINOD

X

g
w w - w —
2od 0.8 Y- My= M

ay/d/c9q)

e s sz o

S>3 e zemym mmrsi

SOQINSON SINOPUBIH SO JINS SIANOIIS, P 0OTIdgoU

4q mo =3
A
Ug - = = 4Ve
L S IV < 0 =5
X
Aem o mv = %
[
X
(¥ + XV mvax z + (x9)¥9 _HQS = I I0TNOTRO 7]
SOJIICO SOJIPUTOU SOP UNT]TIPUNO
0=¥+Avd
xve xe
55717 St e
Ava - (X)f =1 JOTNOTRD 7
e soansolr b = By
w 2%

ey e

0 = (UYL= W) n,m S07UTVIFUOD

SITATS SILNIVILNOD
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KINEMATICAL ANALYSIS OF BUBBLE CHAIBER FICTURES

B. Ronne,

Track Chamber Division, CERN

I. INTRODUCTION

There are many different systems used in the treatment of bubble
chamber pictures. Every big laboratory has its own system. In all of them
the scanning and measurement has to be followed by geometrical reconstruction
and kinematical calculations. Big computers are always used in the last

two steps.

We will not try to make any comparison between different systems
but only describe in some detail how the analysis is performed at CERN,

especially by the group working with a heavy liquid chamber as detector.

Many examples in later Chapters will be taken from one special
experiment concerning the properties of negative cascade-hyperons, and we will

therefore concentrate somewhat on describing this experiment.

IT. TREATMENT OF BUBBLE CHAMBER PICTURES

The three corresponding rolls with different views of the same
events are examined visually and all events fulfilling special criteria are

written down. The criteria of & are mainly:

1)  that a A (or V°) comes from a kink of a negative track,

2) that the transverse momentum of the decay particles are about
the same and oppositely directed,

3) that the transverse momentum is not obviously much greater than
what is possible.  The maximum transverse momentum (~ 140 MeV/c)

is equal to the momentum of the particles in the & rest system.

7863/p/cm
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RO . . . +
An event fulfilling the above criteria and where further a K or a
K°+iis associated with the production point of the E—, is noted as a signed

E « Those events without the K signature are noted as unsigned. In Fig. &4

we see one event which fulfils the criteria of signed &= .

Photograprhs are taken of all interesting events and short descrip-

tions of the events are given on scanning sheets.

Before an event can be measured it has to be carefully prepared.
The preparation of events is needed because the treatment of measured data
is performed by a computer, and this must know for instance which tracks stop

and which belong to a special interaction.

In our case the preparation includes labelling of vertices, tracks,
stopping points, decay points and intermediate points of tracks. As this
experiment is performed in heavy liquid, we often have a particle which is
scattared a few degrees at one point. If one assumes that the particle
loses only a small amount of energy in this single scattering, it may be
worth while to measure the track after the interaction point also, to receive
a more accurate value for the momentum of the particle. This is especially
true if the particles stops in the chamber. Multiple scattering may further
have as a result, a track which looks partly straight and partly curved. The
geometry programme, which is described below, can only accept a track which
has the same curvature along its entire length. Other tracks have to be
divided in several pieces, with the help of intermediate points and each piece

is treated separately by the geometry programme.

The measurements are made on a digitized projector, which gives the
output coordinates (precision a few microns on the f£ilm) on a tape. This

can be treated bty the following chain of vrogrammes which are described below.

REAPy—é*—LTHRESH !JOIN' > %GRIND
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ITI. GECMETRICAL RECONSTRUCTION

The data from the measuring machines are first sent through a pro-
gramme named REAP. Somc types of measuring errors and errors in labelling
of tracks and vertices are rnow detected. REAP further prepares the data to

be in a suitable order for the following programmes.

The geometrical reconstruction of tracks is mads in THRESH. A
detailed description of THRESH is given by Cnops (THRESE Manual) and Moorhead
(CERN 60-33). The input tape from REAP contains measured coordinates of
fiducial marks and of points along the tracks and also information which makes
it possible to identify the event and recognize different types of tracks

and vertices. This is needed later in GRIND.

Before the reconstruction of a track can start, one has-to provide
THRESH with some general information needed for all events in an experiment,
€.g8. coordinates of cameras and fiducial marks, refractive index of the media
between the cameras and the back glass of the chamber. path length in each
media, tolerances for the measured coordinates of fiducial marks, tolerances on

the error of a reconstructed point etc.

A reference system is fixed. The z direction is chosen to be
parallel to the uniform magnetic ficid. The cameras are positioned around
the z axis. The plenc z = 0 is defined to be in the back of the front glass.
The apparent position (%0,ye) in the z = 0 plane of the fiducial marks, as seen
from the cameras, can be calculated from the general information above. The
coordinates (xm,ym) measured on the film can further be transformed through
intermediate media to the plane z = O. This transformation is described by

the following equations:

Xo = 1 +02X + o
r e m 3yﬁ

(1)

I

- Xg + s X+ o
Yo s X eyh

The six constants a; can be svaluated by the method of least squares (Chapter
IV.2), if at lcast four fiducizl marks have been measured. A set of a values

is calculated for each view.
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The number cf measured fiducial marks needed can be reduced if one
includes some additicnal conditions, i.e. that the coordinate systems are

orthogonal and that the magnification in the x and y directions is the same.

The coordinates of all measured bubbles can now be transformed to

the reference plane z = 0.

A light ray, which passes from & point inside the chamber to a point

on the film, may in the chamber be described by the following two equations:

o

where Fx’Fy’Gx and Gy can be calculated (Moorhead, CERN 60-33). The line

I

F z+ G
X X

(2)

F z+ G
y y

Eq. (2) is called a reconstruction line and can be derived for each measured

point.

The position inside the chamber of a bubble, measured in at least
two views, is identical with the intersection point of the corresponding
reconstruction iines, where the intersection point is defined to be that point
which is closest to the two lines. It is then easy to find the true coordinates

of such bubbles.

A track is, however, measured at about 5-10 arbitrarily chosen points,
and the measured points are normally not the same for diffecrent views. At

the first reconstruction of a track, one uses the following method.

The two best views, according to the following criteria, are picked
out. The first view is chosen to be the one on which thec track is most nearly
seen as an orthogonal projection. We then calculate the angle between the
tangent to the track at the initial point and the line joining the camera
corresponding to the first view with each one of the other cameras. The second
view is chosen to be the one for which the corresponding camera gives the
greatest angle. 411 points in space corresvonding tc the measurements in the
first view are reconstructed. Before cne can find the points in space, one
must, however, have the reconstruction lines from exactly the samc roints in
the second view. Thesc lines arc not available, but it is possible to inter-

polate between reconstruction lincs of ncar positicned voints until one finds
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a missing line. This will intersect the corresponding line from the first

view in the <true space position of the bubble.
fter 21l points in one view have been reconstructed, one determines
a first approximation to z helix, which can describe the motion of the particle
inside the chamber. The helix is described by the following equations:
“x' =p(cos @~ 1)

"y’ =90 sin © (3)
z’ 0 e tga

The origin is at the starting point of the track, the z direction,

1l

as before, along the magnetic field and the y direction along the tangent
of the projection of the track in the z = 0 plane. p i1s the projected
curvature in the same planc. a is the dip angle of the track and © is the

angle between the x and x’ directions.

The parameters of the helix derived above are used as starting
values in a final least squeres fit, where the reconstruction lines for all
measurements in all views are included. The last fit is an iterative process,
and the parameters converge normally (in about 97% of the tracks) to the best

it solution.

For each track THRESH gives curvature, dip angle and azimuth angle..
It is preferable to use curvature instead of momentum because the f irst
variable is more normally distributed than the <econd one, and the method
of least squarcs is based on the assumption that the variables are normally
distributed.

The angles of a track are given for one or both endpoints, while
the momentum is given for a meanpoint. At e later stage, when one has
assumed a mass for the particle, one can make an energy-loss correction and

thus find the momcntum a2t other peoints of the track.

THRESH also gives errors in the derived quantities. The uncertainty
of track variables is mainly due to uncerteinties of the measuring device

and contributions from Coulomb scattering.
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The uncertainty of coordinates from thc measuring machine is
assumed to be known. This constant error is propagatsd through all the
space reconstruction and in the best fit solution it gives the corresponding

uncertaintics of thc derived guantitics.

The unccrtainties due to Coulomb scattering depend on the mass of
the particle. THRESH is mass indepcndent and the multiple scattering

errors are therefore included at a later stage.

A1l parts of a track which has been measured in sevecral pieces
are treated as scparate tracks in THRESH. One has to combine the informa-

tion from these pieces to one track. This is done in JOIN.

IV. KINEHATICAL CALCULATIONS

1) Constraint equations

A signed ol may look as in Fig. 4.

The possible hypotheses for the interpretation of an event have
to be tested by kinematic calculations, which are made in GRIND. A V°
may, for example, bec due to the decay of 2 K%, A or N, or it may be a two-
prong star from the interaction of a neutral particle. 0ften there is
mére than one possible origin for the neutral particle and all hypotheses
have then to bc tested for each origin. The V°'s in Fig. 4 may, for example,
have either A or R as origin. AV may be due to the decay of a E—, E-, K-,

7 or u , or it may be a scattering of a negative particle.

The basis of testing different hypotheses is that the four momentum
and cnergy equations havec to be fulfilled at the decay of a particle. If
we have less than four unknown quantities in these equations the system is
overdetermined, and the possibility to satisfy all equations give a test of
how good the hypothesis is. The tcst is in general performed by the method
of least squares, which is described below. All measured quantities are
fitted to give the best solution and the probability that the hypothesis

1s correct is also given.
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For the & docay we can write the four cnergy and momentum equations

in the following way:

e
£y = PA cos lA cos o, - Pp cos KP cos @p - Pw cos Kﬂ cos ¢ = 0
o — ) a3 ¢ - si - b ix =
1 —.Ph cos &, sin ¢, PP cos xp sin @p Pﬂ cos xw sin ¢ 0
q f5 =P, sinx, -P sini_=-P_ sinA_=0
A A P P T 7
E “VEE LB - VPR 4R - VFR + I = O (%)
A A ol D T i

where Pi’ Xi, and ¢, arc the momentum, dip angle and 2zimuth angle of particle 1.

If we assume that a2ll threc parameters of the proton and the pion
are known and further that the lambda comes from a given vertex, we have only

one unknown quantity, P In this case the event is subject to three con-

AC
straints, and we talk about a 3 C-fit.
e may treat the mass of the decaying particlc as unknown and have

then a 2 C-fit.

Assuming the production paint of the V° to be unknown, there are
three missing variables (P,, KA
still a 1 C-fit to find out if the A hypothesis for the V° is correct.

ar.d Y in the caquations above, and we have
q)‘(\/ 1 5

For the @ decay we have equations corresponding to Eq. (L) if
we take the fitted lambda es measured. In the best case we have no unknown
quantities and thus a 4 C-I1t, Mostly, however, the © track is straight

and therefore the momentum of the ¥ is missing. We have then a 3 C-fit

-

with the & mass known and a 2 C-fit if the mass is calculated.

In the examples above we have only tracks from onc vertex, which
are subject to a fit. These types of fits are called 1-vertex fits. Once
all hypotheses have been tested by +d-vertex fits, onc may go a step further
and, for cxample, combine the four equations from thc lambcda decay and the
four from the & decay to a 2-vertices fit with cight cquations, vhich in
the best case gives a 7 C-r'it (P\ unknown ) .

2) The method of lcast sgu2res

A description of differcnt ways of using the method of least squares
in kinematical analysis of bubble chamber cvents is given by R. Bock (CERN 60-30

and 61-29) and Berge et al. (UCRL-9097).
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Ve denote the mcasured variables by m, ; i=1,2 ... I, and the
unknowns by xj,j:1,2 voe Jo The superscript 0 rbfbro to unfitted quantities.
The constraint equations arc written fk(x,m), k=1,2 ... K. The error

matrix of the measured variablces is called Gmi, where the clement (G )
is the variance of the clement m, and (G ) ; the covariance of lements

m, and mJ. The inverse, Gm’ of an ecrror matrlx is called a weighting matrix.

The methed of lcast sguares is based on the assumption of normally
distributed variablcs and states that the best sct of variables is that

for which the function

zfi

J:‘I

(- u2) (6,);; (m;-m3) (5)

-—

e

e
l_L

has a minimum, and where the variables fulfil the equations:

fk(x,m)zo k=12 ... K. (6)
Assuming uncorrelatcd variables [(G;1)ij =0 for i £ j] we find

that Eq. (5) is rcduced to the well-knovm expression
- (m, - m?)?
X? = ZE: ““&fT“é;" (5)
5 (Gm )ii

i.c. onc has to minimize the sum of the weighted squarcs of the deviations
between fitted and measured quantitics.
The least squares solution may be found in one of the folloving

two ways.

2.1) The eliminstion mcthod

The J unknowms xjare ¢liminated from the constraint equations,

and vie get a new sct of K- J cquations

fk(m) =0 k =1,2 ... K= J (7)
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There are two possibilities to go on.

One may use the equation (7) to climinate K= J of thc measured

variables from the function X® (m). The equations
X% (m .
—dmi)=o i=1,2 ... I-K+J (8)

may then be solvcd to give the solution for the remaining I- K+ J variables

and so on.

The othcr and better method is to introduce the Lagrangian multi-

K’ k =1,2 ... K~J. The problem is then reduced to finding the

minimum value of

pliers a

K-J

(mg-m3) ()55 (my=m3) + 2 Zakfk(m)' (9)

Xz(m,a) =

(et
T

-
1
-
e
n

k=1

In the first step we assume that the measured variables are
uncorrelated. The minimum of X® is then found by solving the following

system of equations:

K-J
S o _ -
Rk {(mi-mi) (6),, + Zakfki(m)} S0 41,2 ... T (10)
k=1
dxz
E"Z=2fk(m) =0 k=1,2 ... K-J (11)
where dfk(m)
f .(m) = ssesese——
ki dmi

Equations (11) arc just thc constraint conditions.

As these arc in general not lincer, one hes to repeat the calcula-
tions below to gect a still better solution until some given criteria arc

satisfied. A superscript v mecans that this value hes been derived in the

v=-th iteration.
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Assume that ve have passed the v-th iterative step and have to go

on at least onec step morc. From Eq. (10) wc have:

K-J
-1 X
W = nd - L(sﬂ)ii P (n) oo* i=1,2 ... I. (12)
k:1

The constraint equations can be cxpanded in the following way:

.
£ (m) + Lf;i(m) (m* - n?) =0 k=1,2 ... K-J. (13)
1=1

We can now eliminate mi*’ from equations (12) and (13) and get:

K-J
vo_ v v _ s _ . K-
Rj Zsjk a ' =0 =1,2 ... K=J (14)
k=1
where
I
v o pV v o_ Vv
R i) + ) £5,(0) (0 ) (15)
i=1 '
&
v v -t
Sjk = ZiJfki(m) (Gm)ii fji(m) . (16)
i=1

Eq. (14) is a system of K- J linear cquations from which the

unknown variables, ai+1, k=1,2 ... K~ J, can be solved.

The ncv set of mY*' values is then obtained from relation Bq. (12),
and the iteration proccss can go on until some stopping criteria are fulfilled.

The iteration process is started -ith the valuecs m, = mg and @, = 0.
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The calculations are more simplified when matrix notations are
used. We re-writec the equations above in this wey and extend them to be

. . , -1 . . . .
valid also for corrclated measurcments (Gm is no longer a diagonal matrix).

X = (m- m°)T G (m-m°) + 20f (97)

where T means a transposed matrix
e _oyT T _ ,
_2{(111 m°) Gm-a-afm}—o (107)

where f = df(m)/dm is a (K- J)x I matrix

vt _ o A~ T vy

m =m Gm f‘m Q (121)

:f’v-e-f;;(mvﬂ—mv) =0 (13/)

R-S o'* =0 (14)
with

R=f”+f;(m°-mv) (157)

— b -1 vT

S = fm Gm fm (167)
and we get

=T R (17)

If Eq. (12') is introduced into Eq. (9’) we find
& = (@) r (18)

2.2) A generalized method

The elimination method has the disadvantage that the constraint
equations have to bc modified in nany ways, depending on which variables
are missing. One cen, however. make the fit in a morc general way, so

that the same systom of constraint cquations can be uscd in all cases.

We have to minimize the expression:
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/ \ T
X (myx,0) = (=)' 6 (m-n°) + 2 2 (x,m) (19)
which means that the following system of eguations hes to be solved:

7 ax? ( orT T ~
T Zt(m z°) Gm+afm}—0 (20)

[H

2
< BT Lo (21)

ax?
da
..

where £, = df(x,n)/dx.

= 2f(x,m) = 0 (22)

The constraint cquations can now be cxpanded in the following way
R S C A I £ @™ -n") = 0. (23)

Exactly in the same wey as above Egs. (12/- 17) we obtain:

AL [Re £ (27 = %)) (24)
with R and S defired by Eq. (45’) and 16').
We introduce this vector into Eq. (21) and find:

v+ v (fst"1 fv)"1

’ @75 R, (25)

The problem is then solved.  From the new sct of ¥ 7' values we
calculate o”™, Eq. (24), and finally m**, Eq. (12),

As above, Eq. (18), we have
2= @) R £ - x)]. (26)

The itcration process has to go on until somc test indicates
that a received sot of approximetions is good cncugh. One may, for example,
require that thc differcnce in X% between two consccutive itcrations is smaller
than a given value, or still better that the constraint equations and the

derivetes Eq. (20) and (21) arc zero within some given limits.
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2.3) Calculation of errors

+4

From Eqs. (127), (15’), (2L) and (25) above, we see that m" ' and
x* ™ can be expressed as explicit functions of m°. Let us linearize these
equations and write:
v+t _ s o0
m’" = g(m®) (27)
v+ o\
x = h(m®) . (28)
The error matrices are then obtained from the formulae:
-1 gﬁ -1 (_15 T
va = g0 Gm 3o (29)
T
-1 dh -1 (dh
G'Xv+1 -"-EE"]‘O Gm <E50> (30)
and the correlation between measured and unmeasured variables from:
’ T
_dg ot (dh
C(mx)v+1 = 3p° Gm (dm°> . (31)

The two derivatives needed above, dg/dm® and dh/dm°, are obtained

in the following way:

48 _4_¢' pTda
In 1-G £

0 =

i
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After having intrcduced these exoression into Eq. (29- 31) and

simplified the results we obtain:

-1 -1 -1 T o=t -1 T
G+t =G =G f S fC  + cn fs 't (f s'r o) f s f G (34)
-1 PP -1
Gpotr = (£, 8 1)) (35)
c = 'L 57 (¢L 57 )" (36)
(mx)*** "7 'm x\'x x/

One can see from Eq. (34) that the errors of the measured quantities
are reduced in the least squares solution and that there are correlations
between fitted variables even when the measured quantities are uncorrelated.

Some examples are given in Chapter IV.L4 and .5.

3) The X°test of a hypothesis

After an event has passed through the kinematical fitting programme,
one has to decide if the tested hypothesis is correct or not. All measured
variables are forced to fulfil the constraint equations. The megnitude of
X% is dependent on how big the differsnces between the fitted and the measured
values are. One can convert the X* value end the number of degrees of
freedom (n = K- J in our notations above) into a probability by using the

theoretical X* distribution. The latter is given by the formula:

£ () 71-?“- X/ (37)

2r(n/2)
where T' is the Gamma function.

A derivation of the X* distribution is given by D. Hudson (Lectures
on elementary statistics and probability, CERN 63-29).

Examples of X? distributions for three different numbers of degrees

of freedom are shown in Tig. 1.
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The mean of a X2 distribution is at X* = n, and we have further

/fn(x’) X =1, (38)

The probability that the X* is greeter than or equal to a given

value Xp is

P(X* 2 X3) = / £,(¢) axct . (39)
X5

These probabilities can be found in most statistical tables. One

example is given in Chapter V.3, (Table 3).

Assume that the least square method above, gives as result the
value X3 when testing & hypothesis. We can conclude that the hypothesis
gives a possible interpretation of the event if the derived probability (Pn)
is greater than 5%. If the probability is between 5% and 1%, we find the
hypothesis to be doubtful, and if P is less than 1% we conclude that this
hypothesis is very improbable.

The two percentage limits above (5% and 1%) may be compared with
the corresponding limits (2.0 and 2.6 standard deviations) for a normally

distributed variable.

Before we can use the probability test we have to check that the
X? distribution obtained from the fit procedure agrees with the theoretically
expected one. If the experimental X° distribution has a mean value, which
is too low (high) we may suspect that the errors of the input parameters

are systematically too big (small).



0.4
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Fig. 1

x? distributicns for three 1ifferent degrees of freedom
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It is also possible to calibrate the errors assigned to each
variable m, . We know that

s(m,) = ——31 (40)

should be normally distributed with unit standerd deviation and mean value
zero. We can then correct the errors until S(mi) has the correct width.
If the S(mi) distribution is very asymmetric, we conclude that the variable
m, is not normally distributed or that we have a systematic error in the

measurement of mi.

In Fig. 2 we give the experimental and theoretical X? distribution
for the 1-vertex = -fit with M_- unknown, (see Chapter IV.1). The agree-
ment between the two distributions seems to be good. A method to test

the agreement by using probability paper is described in Appendix II.

4) Numerical example; fit of a A decay

We illustrate the practical use of the generalized method of
least squares by testing the hypothesis that the event below (Fig. 3) is a
decaying lambda

Fig. 3.



Il

20

10

Fig. 2

Experimental and theoretical X° distribution for a 2 C-fit.
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To make the calculations somewhat easier, we assume that the three
tracks (A,P and 17-) are coplanar and further that the measured quantities
are uncorrelated. The notation of the measured quantities (mi) with errors

(O‘i) is explained in the figure.

The numerical values are

m{ = 900 * 100 MeV/c
md = 5.7 = 150

md = 100 * 20 MeV/c
ny = 573 1%0 .

The constraint equations can be written

fy{ = Xx-m cosme=ms cos mg =0

f2 = my-sin my, - ms sin my =0 (41)

P35 =VR +i8 -Vl +12 - VmE + 1 = 0
A P T

where the only unknown quantity (x) is the momentum of the lambda.
We have three equations and one unknown, and thus a 2 C-fit.

The error matrix is

o; 0 0
¢t 2|0 & 0 o0
n 0 0 & o0
0 0 0 o4
S —
and the weighting matrix
1 -
' 0 o0 o
1
0
z_g 0 0
G = 1
m 0 0 'O=_-§ 0
! 1
{0 0 0 ,
L o |

l_
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We have to minimize the expression
2 Q T (U ; Tn
X (myx,0) = ((m=-m°) Gm(m—xn )+ 20 f(x,m) (19)

which can be written

"1&? 5 0 ol im-m?
0 ‘6_:'2' 0 0 m, "mgo
X% = (m - mf;me - md3m; - md ;me - mQ) : .
0 o ?’ C m;-mg
3
0 0 0 g? m, - mg
i“f11
+ 2 smesas) | f2| =
f5

_A.(mi_ m;)z ,
- ———— e D E a. £. .
) Gi Jd J

i=1 j:1

This ié reduced to the first well-known term when the constraint

equations are fulfilled.

The following system of equations nas to be solved.

( 2 0 < .
Poeai™Tme N o Floo 125 (2)
dm, o% L9 am.
1 .j=1 1
4 ot afy
— =2 ) a —3dog (13)
dx [ 9 ax
j:1
an
E*;;: =2 fJ =0 J = 1,2,3 (L*J"')
. J

We have thus eight equations and eight unknowns (a4 a2z as my mp ms ms

and x).
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The constraint equations can be expanded in the following way

after we have passed the v-th iterative step

4

v v v+ v v +1 v . c
+ (mL - mn , - = =1 .
£ y‘fjl(ml )+ ij(:e) x’) =0 32,3 (45)
1=1
We have
T v v v v v . v_m‘
i = COS mp + my S1ln o - COS ma + M3 S1n Mg
afY . v v v . v v v
£ - )eed { = + 51n M2 + my COS mp - sin mg - ms CcOsS Mg (L|.6)
i am’;_ ’
- ‘fg‘g‘:_’i 0 - '=:;:£r‘_;=:= 0
Vind? + 1 Vid® + UI:T
and
o
af | 0 ’
{fx”g} = {g;ﬁ]‘ = | L (47)
| PTaE |
VA'< + 1, |

We can re-write the constraint equations in a more suitable form.

4

Y_‘v vty _ o0 Voot oy _ . o

Z_jfji(m:.L mi) + Rj + f‘xj(x ®¥) =0 i=1,2,3 (48)

i=t

where
4
Y_'\
- PV _ v v_ o

Rj = f’j fji(mi mi) (L9)

i=t

Equation (42) can be written

-+ - v+

v©eo_o0 VM QL . ’

my m, = oi > aj fji i=1,2,3,4 . (u2’)
J:1
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. e +
We can now eliminate mz ' between Egs (42') and (L8).

P

4

3
N

DG ) AR e ) S, ()
L L
k=4

It

i=1

e

After re-arranging the terms we have

3 4
N . fY. 02 =R, +f (PR j = 1,2 (51)
Z_,ak L ,jl kl 3 J Xj( ) J 3 33 ( )
k=1 i=1
or
( 4 4 4
1 v vit\ v oV V-4 v v - D
ay Zf1102 + az Zf1l 2102 + as Zf1l 310"]2_ R1+f‘X1(l )
=t i1=1 1=t
4 4 4
UH v v V-4 v2 V4 v v - vo(gvtt_
< @ zfalfucz"'“a Zfzio‘;+a3 Zfl 31 i R2+sz(y )
i=4 i=1 i=1
4 4 4
-Hr—.\ V4 v v v+ v2 v v+ v
v v v — ) -
) B B ) B o el 2l merl (70)
L....'
\ 1=1 J.=1 1=1
(517)
The three unknowns (ag_ﬂ)can be solved from this linear system of
equations.

Eq. (51) is of course identical with the equations derived in
Chapterv.2.2.

o’ = 5T Ry £ (2T - )] (24)

We have namely
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S _ \ --1 UT:
m m m
— e - —_
. £y, £9s  fli |ofF 0 0 0 | !f7y £33
0o & 0 o0 l'fh, . %
= | f¥y fh. fzz fia ~ i ) . . =
0 0 % 0 if” 25 35
]
£ f3. £S5 f5 [0 0 0 oF f¥s fis i
S11 St12 S43
= S21 S22 Sz23 (52)
S34 S32 S33
I JR—

where

X—f" e . . (53)

Ji “ki

i=é

. . V41
The S matrix has to be inverted before we can solve a; - We have

{Sn Sz 1 S34

S = TS!.T ‘1312 Sz2 S;g (54)
313 Sz3 Sas

where |S| is the determinant of the matrix S and Sj is the co-factor of the
element S e (The co-factor Sjk is equal %o (—1)J+k times that minor

which is obtained when the j-th row and the k-th column are deleted.)
The solution of Eg. (51) is

3

fsz%FEZSkﬂﬁk+f£Jf””~x“H 5=1,2,3 . (55)

k=1
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a;“is eliminated from %g. (43)

3
Lf;- Zskj Ry + ka(xv+’ -#&)] =0 (43)
J

J=t1 k=1

and #*'- X’ can be solved

J=1 k=4
b LA C (56)
3 3
v v
AR
j:1 k=1

The solution Eq. (56) is of course also obtained from Eq. (25) after
some matrix operations.

The X* value can be calculated from Eq. (26)

3
X% = Zav.'"' [Rj+ :f‘x'j(x”+1 - )] (26)

=1

[

The numerical calculations are made in the following order:

(i) 4An approximate value of X is obtained by solving the first constraint
equation (41).
(i1) The derivative matrices Eq. (46) and (47) are calculated. e have
v = 0 in the first step.
(iii) The S matrix Eq. (52) is constructed and inverted.
(iv) The correction to the unknown variable is solved Eq. (56).

(v) The a vector Eq. (55) and the correction vector (m;+'-mg), Eq. (421)
are evaluated.

(vi) X® is calculated, Eg. (25).
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(vii) A test is mads to see if the derivatives Eqs. (L2- 4L) are smaller
than some given values. if this is not the case, we start again with (ii)
above and now replace %’ and mz with ¥ and m;+1

(viii) When the given stopring conditicns are fulfilled we calculate the

(3L~ 36).

errors in the fitted quantities, Dus.

Results from calculations on the given example are given in Teble 1.

* : ' I
Ste my Ma Mx M4 ! x f1 fg f} : Xz
P 1 eV/c |degrees | eV/c |degrees HeV/c | 1leV/c | MeV/c | MeV
0 900-0 5075 ﬁOCtO 57»30 9}-;-905 OOOOO 50703 "6.9714- -
1 812.7 5,37 €9.9 57-16 1857.9 | 0.090 | 5.321 [-0.076 | 1.17
2 806.7 5.40 904 57.18 1852.2 10,001 | 0.004 | 0.002 |{1.,22
3 306.9 5.40 90 57.15 1852.3 1 0.000 | 0,000 | 0.000 |[1.22
|
i
Table
We find that the constraint equaticns are well fulfilled already

after two steps. than the mean value we

The X® value of the fit is lower
i that

expect to have ( = 2 for a 2 C-fit) and we conclude the tested event is

in good agreement with the given hypothesis.

The error mstrix of the fifted quantities derived after step 3 is
(Gi given in GeV/c and radians)

0.002360  =0.000655 ~0.000353  =0.000137

1 -0.000655  0.0C0187  0.000105  -0.000001
“2* T|-0.000353  0.000105  0.000063  ~0.0000%3
~0.000137  =0.000001  -0.000033  0.000295

and the

7863/p/cm
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m = 807 LD HeV/e
m = 554 006
ms = 90+8 ie/c
ms =57522 150
s = 852% 46 HeV/e

There is at CERN cne subroutine (BOZCK; written by W. Koch), which
makes the calculetiocns (iii)=~ (vi) and (viii) above, for the general case,

when we have correlated varisbies, (see Appendix I).

5) Results frem a B -fit

A typicel % candidate is shown on Fig. k. In Fig. 5 we give

the results from the geometricel and kinematical programmes.

The notation of points and tracks is explained in Fig. L. NTR
is the number of tracks leaving a peint. The nature (NAT) of a point is
for example, 2 if the apex cof a V? decay and 3 if the apex of a V  decay
starts from the point. The nature of a track is 1 if the particle stops
in the chamber, 2 if the track combines two interaction vertices and 10
for beam tracks. The CODE (U = unmeasured, W = measured and F = fixed)
is given for the momentum (P), dip eagle (DIP), azimuth angle (PHI) and
mass respectively. AD in front of a guantity means the error of this quantity.
AU or an F efter & varizble means unfitted and fitted quantities respectively,
L is the measured length of a track, H the average magnetic field and BUB

the expected bubble density of a charged *track.

The results concerning points and itracks are obtained from THRESH

and the fit resul%s from GRIND.

E
Ho
ot
m

We will now look at the differsant

a) K° (Vertex NIN)

TYP 200 indicate a V° and HYP 1 is a K°.  The first fit (1} is a K°-fit
of the NN vertex. "The mass of K° is fixed (=0.4978 €eV). We see that the

momenta of the pions are higher thar those g¢iven in THRESH.  The reason for

7863/p/cm



Fig. &4

A = candidate. The proluction nrocess may ve

K +N >3 +K°.




- 1 -

this is of course that THRESH gives the momentum of a particle at the mean
point of the measured track length, while the unfitted momentum in a fit

is corrected to be valid at the interaction vertex.

The unfitted errors are greater than THRESH errors because

uncertainties due to Coulomb scattering have to be included.

The K° is assumed to come from the point AA, (TRACK NA), and we
consequently know the direction of this particle. Both pions are completely
measured and we have only one unknown in the fit, the momentum of the kaon.
This is a 3 C-fit (ND = 3). An unfitted value of the kaon momentum is,
hoewever, given. It has been calculated from the constraint equations, and

must be available before the least squares fit can start.

At the top we find that the X’ of the fit is 1.01, the probability
of getting a X* greater than the obtained value is 0.7999 and the number of

iteration steps performed to come to the solution is 3.

The K° hypothesis is very good for the vertex NN, and the fitted
data agree well with the unfitted ones. The fitted errors are generally
smaller than the unfitted. This is especially true for the relatively badly
measured momenta of the piens (from 67 and 215 MeV/c to 8 and 7 MeV/c
respectively).

Fit@differs from@ln that the mass of the neutral particle is
assumed to be unknown. We have therefore a 2 C-fit. The obtained pro-
bability (0.6048) together with the fitted mass 497.5%* 63.8 MeV indicate
that the K° hypothesis is still good.

GRIND has also tried to make a A-fit (HYP 2) and an A-fit (HYP 3)
with the vertex NN, btut we see from the summary bank, which follows after
the fits in Fig. 5, that an error 15 (ER 15) was found. This type of error
indicates that a fit to the given hypothesis is impossible. We may, for
example, have some obvious contradiction of a physical law, non-convergence
of the iteration process, or corrections to the measured data, which are
much greater than what can be expected from statistical fluctuations. The
last is what has happened in our case; X2 is 26.8 and 41.2 for the A and
A hypotheses after 3 and 2 steps respectively.



Fig. 5. THRESH and GRIND results for the =

candidate on Fig. 4.

EVENT 44 467683,1
POINTS NTR NAT X
14 2 0 6,381 O,
2R 2 3 T7.9113 O.
IM 2 2 17.2402 1.
4N 2 2 10.2983 1,
5P O 12 27.8238 O,
6 F O 12 17.8081 -8,
TRACKS NAT CODE P
1 AR +- 2 UWW 0.
2RF -~ 1 WWW 0.0650
I3 M2 - O WWW 0.1747
4F2 - O WWW 0.3304
5SMP + 1 WWW 0.4422
6N3 + O WWW 0.3148
7Al - 10 WWW 1.3475
8 RA +- 2 UWW 0.
GOOD FIT NOPT 1 NOTR 3  TYP
TRACK  MASS CODE BUB
NA O 00,4978 UWWF 2,2 O,
N3 + 0,1396 WWWPF 1.2 O,
N2 - 0.1396 WWWF 1.4 O,
GOOD FIT NOPT 1 NOTR 3 TYP
TRACK  MASS CODE BUB
KA O 0.4975 UWWTU 2,2 O,
N3 + 0,1396 WWWPF 1.2 O,
N2 - 0,1396 WWWPF 1.4 O,
GOOD FIT NOPT 1 NOTR 3 TYP
TRACK  MASS CODE BUB
MO O 1.1154 UUUF 3.6 O,
MP + 0,9382 WWWTF 4.8 0.
M2 - 0.1396 WWWF 1.4 O,
GOOD FIT NOPT 1 NOTR 3 TYP
TRACK  MASS CODE BUB
MA O 1.1154 UWWF 3.6 O,
MP + 0,9382 WWWTF 4.8 O,
M2 - 0,1396 WWWF 1,4 O,
GOOD FIT NOPT 1 NOTR 3 TYP
TRACK  MASS CODE BUB
MA O 1,0909 UWWTU 4.1 O,
MP + 0.9382 WWWF 4.8 O,
M2 - 0.,1396 WWWF 2.0 O,

SIS/R/8059

Y zZ

7826-23.8324
5849-23,6247
0983-22,1280
3145-25,8938
1450-20.0237
8863-27.4560

DIP
0.0781
-0.1949
0.1320
-0.5039
0,1768
-0,2907
0.0069
-0,0781

PHI
6.1567
5.1206
0.2950
0.9497
6.2616
5.7404
3.2228
3,0151

200 HYP

PU DIP U
518 0,481
332 =0,291
336 =0,504

PHI U
3.277
5.740
0.950

200 HYP

PU DIPTU
518 0.481
332 -0,291
336 -0,504

PHI U
3.277
5.740
0.950

200 HYP

PU DIPU
667 -0,166
486 0,177
188 0,132

PEI U
3,208
6.261
0.296

200 HYP

PU DIPT
667 -0,156
486 0.177
188 0,132

PHI U
3.171
6.261
0.296

200 HYP

PU DIPTU
667 -0,156
486 0,177
188 0.132

PHI U
3.171
6.261
0.296

DX
0.0155
0.0210
0.0200
0.0161
0.0237
0.0128

DP

0.0018
0,0129
0,1683
0.0531
0.0143
0,0168
0.

ER14

DP U

0.067

0.2

ER14

DP U

0.2

ER14

DP U
0.246
0.002
0.058

ER14

DP U
O.
0,002
0.058

ER14

DP U

0.002

0.0

0.067

DY
0.0149
0.0199
0.0177
0.0150
0,0191
0.0114

DDIP
0.0506
0.1176
0.0035
0.0269
0.0037
0,0062
0.0022
0.0506

NONE

DDP U
0,023
0.024

15 0.030

NONE

0.023
0.024

15 0.030

NONE

0.011
0,027
0.037

NORE

0,011
0,027
0.037

NONE

0.011
0.027

58 0.037

DDP U

DDP U

DDP U

DDP U

D2
0,0812
0.1086
0.0961
0.0828
0.1032
0.0624

DPHI

0,0077
0.0149
0.0022
0.0150
0.0026
0.0029
0.0012
0.0077

CHISQ

DPH U
0,005
0.017
0.018

CHISQ

DPH U
0.005
0,017
0,018

CHISQ

DPH U
0,006
0.019
0.027

CHISQ

BPH U
0,002
0.019
0.027

CHISQ

DPH U
0,002
0,019
0.027

L

1.59
15.07
8.73
4.79
10,91
15.16
=57.54
-1.59

DL
0.30
0.04
0.30
0.30
0.04
0.30
0,30
0.30

1.01 XD 3 PROB 0.7999

PF DIPF
0.505 0.497
0,336 -0.280
0.315 -0.488

1.01 KD 2 PROB 0.6048

PF DIPF
0,504 0.497
0.336 -0,280
0.315 -0.488

0.17 ND 1 PROB 0,6763

PF DIPF
0.694 -0.165
0.486 0,177
0,216 0.132

9.37 ND 3 PROB 0.0248

PF DIPF
0.691 -0.158
0.486 0,168
0.214 0,128

2,63 ND 2 PROB 0,2686

PF DIPF
0.623 -0.158
0.486 0.166
0.143 0.126

SAG
0,000
2,148
0.274
0.039

-0,167
-0.453
-0.090
-0.000

PHI F
3.277
5.743
0.948

PHI F
3.277
5.743
0.948

PHI F
3,218
6.261
0,300

PHI F
3.172
6.209
0.267

PHI F
3.171
6.240
0,276

PCOSL
o.

0,064
0,173
0.289
0.435
0.302
1.348
0.

STEP 3

H TESTS

0.
17.11
16.93
17.20
16.91
17.25
17.09

0.

DP F DDP F
0,012 0,017
0,008 0,022
0,007 0,025

STEP 4

DP F DDP F

STEP 4

DP F DDP F
0.004 0,022
0.002 0,027
0,002 0,037

STEP 4

DP F DDP F
0.004 0,010
0.002 0,018
0.003 0.033

STEP 4

DP F DDP F
0.023 0,010 0.002
0,002 0,015 0.014
0.024 0,035 0,023

42
0
0

40
0
0
0

42

DPE F
0,005
0,017
0,018

DPH F
0,005
0,017
0.018

DPH F
0,016
0,019
0,025

DPH F
0.002
0,009
0,022

DPH F

DM
0.0638

0.

DM
0.
0.
0.

DM
0.0068

0.



0

GOOD FIT ROPT 1

TRACK  MASS
MR O 1.1154
MP + 0,9382
M2 - 0.,1396

GOOD FIT NOPT

TRACK  MASS
MR O 11,0992
MP + 0,9382
M2 - 0,1396

GOOD FIT NOPT
TRACK  MASS.
RA - 1.3195
RF - 0,1396
RM 0 1.1154

GOOD FIT NOPT

TRACK  MASS
RA - 1.3215
‘RF - 0,1396

RM O 1.1154

GOOD FIT KOPT

TRACK  MASS
RA - 11,3215
RF - 0,1396
RM © 1,1154
MP + 0,9382
M2 - 0,1396

NOTR

COD;

==Eq
= =% O
=E=E=EmMD
g b

1 NOTR

1

= =q
=H =EO
EE®EMX
o

NOTR

=®Eq
== =0
HH =M
o

1 NOTR

L =]
=2 =HO
=% ==
RO ]

2 NOTR

EEA=EAQ
LR -E-E-E Kol
=dHEHEHE
g g g b

SUMMARY BANK FOR EVENT

KOPT PT NOTR

VTN WN
N R b b e

SIS/R/8060

NN NSNS S

ON OV AN AN AN AN N AN WY

3  TYP 200 HYP
BUB PU DIPU
3,6 0,667 -0.159
4.8 0,486 0.177
1.4 0.188 0,132
3 TYP 200 HYP
BUB PU DIPU
3.9 0,667 -0.159
4.8 0.486 0.177
1.7 0,188 0,132
3 TYP 320 HYP
BUB PU DIPTU
4,1 0.754 -0.078
1.9 0.152 -8.195
3,6 0.693 0,161
3  TYP 320 HYP
BUB PU DIPU
4.1 0.754 -0,078
1.9 0.152 -0.195
3,6 0,693 0,161
6 TYP 320 HYP
BUB PU DIPU
4.1 0.729 -0,078
1.9 0.152 -0.195
3,6 0,667 0,159
4.8 0,486 0,177
1.4 0.188 0,132
44 467683,1
TYP .HYP GDNS ER14
200 177 -
200 2 17 -
200 317 -
200 2 57 -
200 2 17 -
320 4 77 -
320 4 117 -
320 4 0 -
320 4 0 -

2 ER14
PHI U DP U
3.197 0.
6.261 0.002
0.296 0,058

2 ER14
PHI U DP U
3.197 0.
6.261 0,002
0.296 0.058

4 ER14
PHI U DP U
3.015 0.
5.129 0.001
0.056 0.004

4 ER14
PHI U DP U
3.015 0.
5.129 0,001
0,056 0.004

4 ER14
PHI U DP U
3,015 0.
5.129 0,001
0.055 0.
6,261 0,002
0,296 0.058

5

ER15
FIT 34 NO
FIT 34 NO

NONE

DDP U
0.015
0.027
0.037

NONE

DDP U
0,015
0.027
0.037

NONE

DDP U
0.051
0.258
0,013

NONE

DDP U
0.051
0.258
0.013

NONE

DDP U
0.051
0.258
0,015
0,027
0.037

0
0
0
0
O

FIT
FIT

CHISQ

DPH U
0.003
0,019
0.027

CHISQ

DPH U
0.003
0.019
0.027

CHISQ

DPH U
0.008
0,166
0,003

CHISQ

DPH U
0.008
0.166
0.003

CHISQ

DPH U
0.008
0.166
0,003
0.019
0.027

CHISQ

.1006E
.2679E
.4123E
.9366E
.2087E

2,09 ND 3 PROB 0,.5545 STEP 4

0.28 ND 2 PROB 0,.8706

0.18 ND 2 PROB 0,9132

01
02
02
0l
01

0,1816E-00
0.2228E-00
0.2310E 01
0,2310E 01

PF DIPF
0.693 ~0.161
0.486 0,172
0.215 0.129

PF DIP F
0,650 -0,161
0.486 0,171
0.171 0.128

PF DIPF
0.753 -0,092
0.152 -0,275
0.693 0,160

0.22 ND 3 PROB 0,9738

PF DIPF
0.749 -0,087
0.152 =0.385
0.693 0,160

2,31 ND 6 PROB 0,8891

PF DIPF
0.749 -0.087
0.152 -0.305
0.693 0,160
0.486 0.171
0.215 0,129

PROB
0.7999
0.0000
0.0000
0,0248
0.5545
0.9132
0.9738
0.8891
0.8891

PHI F
3.197
6.237
0,285

PHI F
3.197
6.256
0.290

PHI F
3,015
5.141
0.056

PHI F
3.014
5,121
0.056

PHI F
3.014
5.121
0,056
6.237
0.285

STEPS

E N S A L AV AN )

DP F DDP F
0.004 0.013
0,002 0,019
0.003 0,034

STEP 3

DP F DDP F
0,029 0,013
0,002 0,018
0.030 0,035

STEP 3

DP F DDP F
0,017 0,032
0,001 0,172
0.004 0.012

STEP 3

DP F
0,005
0,001
0,004

STEP 4

DP F
0,005
0,001
0.004
0,002
0,002

DDP P
0.020
0.089
0.012

DDP F
0,020
0,089
0.012
0.019
0.034

DPH F
0,003
0.009
0,022

DPH F
0,003
0,016
0,023

DPH F
0.007
0,097
0.003

DPH F
0,007
0.028
0,003

DPH F
0,007
0,028
0.003
0,009
0,022

DM
0.0101

0.

DM
0.0095

0.

.

OO'OOO



- 119 -

An error 14 (R 1!), of which we have none in our example, shows
that some minor contradiction has been fcund in the fit, for example, that
the mementum of a particle derived from its range and curvature disagree.
The fit will in these cases go on, but the contradiction is flagged at the top

of the fit results and also in the summary benk.

= e o= =3 rha

Results from good V° fits of vertex 1N are given in (3 to(7) .

The lambda is assumed to be completely unknown in(j? (HYP. 0, CODE
UUUPF). e have then a 1 C-fit, which gives X* = 0.17 and probability
0.6763. This shows that the lambda hypothesis is possible.

In QQ and.GE we assume that the lambda comes from the primary vertex
AA., Fit QD, where the lambda mass is fixed, results in a very high X® and
gives a low probability (0.0248). Fit(ﬁﬁ with the mass of the neutral
particle unknovn gives a high probability, but the derived mass 1090.9* 6.8 MeV
is 3.6 standard deviations from the lambda mass. We conclude that the
hypothesis that the lambda comes from vertex AA is almost disproved by the

fit results, or at least shown to be a very improbable solution.
The hypothesis that the lambda comes from the kink RR is a very
good solution according to the two fits (6) and (7).

c) & _1-vertex fit (Vertex RR)

En om an e e e e

When a lambda is shown to come from the kink of a negative track,
we test the hypothesis: & =4 + 7 .

We assume in the 1-vertex fit that the fitted lambda (RM in our
notation) is measured and we have a 3 O-fit with the © mass known Gﬁ, and
a 2 C-fit with the mass unknovn 8).

The two fits give very high probabilities, and the derived mass,
1319.5* 9.5 1leV, is in good agreement with the known = mass. We conclude

that the = hypothesis is a good explanation for this event.

-

If a good 1-vertex = -fit is obtained, we gc on by combining the
two fits (§ and A decay) in a 2-vertices fit, @ﬁﬁ. e then have 8 constraint

equations and in our casec 2 unknewnc (P_- and P\). The kigh probability

7863/p/cm
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(0.8891) of the 6 C-fit means that our conclusion above has a good chance

of being correct.

A 2-vertices E -fit is also tried when we do not get a good 1-vertex
fit. The 2-vertices fit should in principle be superior, and we have
observed a few evenis vhere the 2-vertices fit is good, while the 1-vertex
fit fails. However, in most cases we obtain both fits, and the fitted data

agree extremely well.

V. COMPARISON OF RESULTS FROM AN EXPERIMENT
WITH THEORETICAL PREDICTIONS

1) Introduction

Most experiments are performed to test some hypothesis. The
observed quantities will of course deviate from the theoretical ones. The
purpose of a test is to find out whether the deviation between experimental
and theoretical values could be due to random sampling variations, or whether
the deviation is too great, from which we may conclude that the hypothesis

is probably wrong.

In the following we describe two types of hypotheses which are
of'ten tested.

In the first type (Chapter V.2) the hypothesis gives the magnitude
of some parameter associated with the population, e.g. the mean value. The
test is in general performed in the following way. The sampling distri-
bution of the parameter in question is determined and the measured quantity

is compared with its theoretical distribution.

The theoretical frequency distribution is known in the second type
of hypothesis. The agreement between the distribution of the observed
sample and the hypothesis is in general tested by a X° test of significance
(Chapter V.3).

The two types of test will be illustrated by an example taken from
an investigation of leptonic decay modes (Physics Letters 6, 186 (1963)).

About 90 lembda hyperons decaying to electrons (A - P+e + ) were observed.

7863/p/cm
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There are different forms of interaction (V = vector, S = scalar,
A = axial vector and T = tensor), which might be responsible for the decay.
We give the transverse momentum spectrum of the proton (P, = Pp sin @Ap)
derived from the four theories in Fig. 6. We have also given the observed
spectrum, which is corrected for detection efficiency. To make the
following tests easier, we assume that the histogram contains observed
events only (110 in number).

There are some events in Fig. 6 which have transverse momenta above
the theoretically maximum possible value. The reason for this is of course
uncertainties in the measured variables. One should therefore, in a treat-
ment which is more strict than that below, take these uncertainties into
consideration. One possibility is, for example, to modify the theoretical
curves in such a way that the uncertainties in the measured variables will

be included.

2) Test of a mean value

The mean value (<P,>) of the theoretical distributions takes the

following values:

V 106 MeV/c
T 98 "
A 89
s 8 "

The measured spectrum has the mean value (PJ_)exp = 91 MeV/c.

The theoretical P, distributions are not normal, but the distribu-
tion of the mean value of a sample will in most cases approach the normal
distribution when the sample size increases. This is, for example, the case,
if the population has finite variance (o;) and mean. The mean value
distribution will have the same mean as the population and the variance o;/n.
The standard deviations of the four theoretical distributions are about the
same (34- 38 MeV/c), which means that the mean value distribution will have
a standard deviation (aﬁv) of zbout 3.5 MeV/c (n = 110).



The deviation between the theoretical and observed mean values is

then:
1 ]
\f LY 3 O-mV
T 2.0 fi
!‘& 006 "
S 2.9 i

The probability that <El>exp will deviate by more than - from

the mean value of the population is of course:

(P, - <P,>)?
Pr = —2- [ & Oy ap,
Vo -
x

. (57)

This probability can be found in most statistical tables. In our case we

have:
V < 0.01%
P 4o 6%
A 55 %
S 0.4%

The level of significance for a test is arbitrarily fixed at, for
example, 5%, 1% or in the more stringent tests 0.1%. Let us fix the signi-
ficance level at 1%. e then conclude that the pure V and S hypotheses
are apparently disproved by the experiment, while the A and T hypotheses

are reasonably practical intervretations of the measured mean value.

3) X? test of distributions

This test (ref. D. Hudson, CERN 63-29) is used when one wants to

find out how well the whole sample distribution agrees with a knovn population

distribution. t 1s therefore more general than the test described above.
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The distributions arc divided in class intervals of the variable

(P, in our case).

is compared with the expected number (N?) from the given hypothesis.

The number (Ni) of observed events in an interval i,

The

following quantity is calculated:

I

(Ni~ N?)Z

X‘- \, T e . (5
Lo §
i=t +
The distribution of X® will approach the X* distribution given
in Chapter IV.3 when the size (n) of the sample increases. One may use
the limiting distribution if' the size of the sample is so large that each
N? is greater than 10.
i
N -
P, MeV/c N,
v T A S
O - LI-O 1&01 507 9.| 12.8 15.7
80 - 120 21.9 38.5 38.6 39.3 39.3
> 120 31.2 45.8 35.7 254 15.7
X2 26,4 5.0 2.8 8.0
| |
Table 2
In our case we divide thz distributions into four classes. The

8)

expected and observed number cof events in each interval is given in Table 2

together with the X® values calculated with the formula above.
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The number of degrees of fresdom is r- 1 (3 in our case).  This
follows from the fact that one can cnly chocse r- 1 of the N? values

indcpendently when the total number of events in the distribution is fixed.

e s e g ~ . 2 ]
The probebilities {Ps%) to obtein X° values greater than given values

\
Y
(x3) are given in Teble 3 for 3 degrees of freedom (see Chapter IV.3).

o , :
o |2 |37 | w6 63 | T.8 | 9.8 | 113 | 16.2
| | |
| | |
Ps% | 50 30 , 20 10 5 % 2 1 1 0.1
; | ‘ ? |
Table 53

We conclude that our experimental data are not consistent with
hypotheses V and S even if we select the significance level to be as low
as 0.1%. The agreement is, however, good between both of the hypotheses

A and T and the observed distribution.

The X? “est may be used even when some parameters of the popula-
tion distribution are unknown. In this case one has first to estimate the
unknown parameters with the help of the experimental distribution. The
number of degrees of freedom will now be r-~ 1- a, where a is the number of

unknovm parameters in the population distribution.
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DESCRIPTION OF Tiis SUBROUTINE BOECK

APPENDLY T

BOECK is a FORTRAN subroutine, which performs needed matrix

tions for one step of the best fit calculations.

NF = Number of constraint equations.
NM = DNumber of measured variables.
NX = Number of unknown variables.

F(NF) = Constraint equations.

B(NF,NM) = Derivative matrix of measured variables.

A(NF,NX) = Derivative matrix of unknown variables.

GI(NM,NM) = Error matrix of measured variables.

Output quantities:

c(nm)

Corrections of measured quantities;

+
o' =m®+C

(C is put equal to O before the first step).

DX (NX) Corrections of unknown variables;

I

o+
¥ = xV + DX.

GMFI(NM,Ni) = Error matrix of fitted measured variables.

GXI(NX,NX) = Error matrix of unmeasured variables.

opera-

B(NM,NX) = Correlation matrix between measured and unmeasured

variables.
CHI = X® for thec last step.

Some further remarics:

an = = e3 e e2 wa em em e oea

1. The dimensions must be at least as big as those given within the

brackets.

2. H(MNM,NM), HH(Ni,Ni), R(NF) and AL(NF) are working matrices.

3. Some of the input matrices are re-defined in later stages of the

programme and thus used as working matrices.

L. One must have NM > NF > NX
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5. A 2 dimensional array A(1,1) ... A(m,n) ic in FORTRAN stored column-
wise, i.e. in order A(4,1), £(2,1), ... Alm,1), A(1,2), A(2,2), ... A(m,2),
A(m,n). It must for this progremne be ectorsd row-wisz, i.e. in order

A(1:1)’ A(1’2): oo 2{1,my, Ale,1), }A(Z:Z)

6. K is put eguzl %o O 28 long 28 2 further stey in the iteration

.o A(2,n), .. A(m,n).
process 1s needed and cqua’ to 1 then iteration is finished and the error
matrices have to be evaluated.

7. Equations and notations from Bdck (CERN 60-30).

8. All matrix operztions are performed by a series of subroutines
collected under ‘the name FMYXPACK and described in the GRIND manual. From
this we copy the introduction and also descriptions of subroutines used in
BOECK.

MXPACK is a sumnary neme for varicus subroutines written in 709 FAP
language for the fast cxecution of matrix operations. All entry names
start with the letter pair Mi. All routines assume that matrices are stored
row-wise and without gaps (thic is imporiant in case of FORTRAN double indexing)

in FORTRAN order (i.e. in absolnte dessending locations).
Description of subrcutings:
MYEQU  (A,B,I,7) “Motedix Fquations”
solves A{T,I) x X(Z,J) = B(T,J) for X.
The zesult (X) is stored into B, A is transformad.

A 1y ossuned o he

pos:tive definite. No pivoting is done.
MXUTY  (4,1) "Uatriz Unity®

weites a (I,I) Unit metris iate A.
MDD (4,B,C,T,T) "Wabri- Addition”

effeets A(I,J) + R(I,J) -~ C{I,J
HXSUB  (A4,3,C,I,7) "atrix subtrantica”

effects A(L,J) - B(1.J) » ¢{T,)

MXTRA  (4,B,C.1,7) Matrix Trensfer

cffects A(I.J) - C(I,7). The B-address is irrelevant.
MXMTR  (A,B,C,I,J) latrix tultirlicd Transfer"

o

s -\
effects B x A(I,J} ~»

to
[J
w
o)
0
o
)
H
]
]
)
o
0
o+
o
.J
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MXPY  (4,B,C,I,J,K) "Matrix jultiplication"
effects A(I,J) x B(J,K) » ¢(I,K)

The rollowing entries use the same sequence of arguments:

HXGIPY1 for A x BY - C (B is a (K,J) matrix)
MXNPY2 for AT x B » C (A is a (J,I) matrix)
MXMAD for A x B + C » C "Matrix Iultiplication and Addition".
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MATRIX OPERATIONS FCR ONE STEP OF LEAST SQUARES CALCULATICNS
SUBROUTINE BGECK(K)

DIMENSION F(3),B{12),A(3),GI(16),C(4)yDX(1),GMFI(16),GXI(1),
1H(16) ,HH{16),R{3)5AL{3)

COMMON NFyNMoNXyF3B3ApGI,CyDXyGMFI,GXI,CHI

IFLK) 241,2

CALL
CALL

CALL
CALL

CALL
CALL

CALL
CALL
CALL
CALL
CALL
CALL
CALL

CALL
CALL

CALL
CALL
CALL
CALL

MXMPY{BsCsHyNFyNM,y1)
MXSUB(F,Hy,RyNF,1)

R IS CEFINEC IN (15°')
MXMPY1{(GI,ByHH,NM,NM,NF)
MXMPY(BsHHsHoNF o NM,NF)

H IS EQUAL TO S, DEFINED IN (16')
MXUTY{(GMFI,NF)

MXEQU{H,GMFI 4 NF &NF)

GMFI IS THE INVERSION OF S
MXMPY{GMFIsAsHyNFyNFyNX)
MXMPY2{AsHysHHyNX s NF4NX)
MXUTYI(GXI4NX)

MXEQUIHH,GXT g NXsNX)
MXMPY2{HsReCoeNXoNF,1)
MXMPY{GXI 4CoDXyNXsNX51)
MXMTR(DXy—1lesDXyNX,1)

DX IS EQUAL TO THE SECOND EXPRESSION IN (25)
MXMAD(A,CXsRgNF4NX,1)
MXMPY{GMFI Ry ALsNF,NF,1)

AL IS THE SCLUTICN (24)
MXMPY2{AL,R4CHI1¢NF,1)
MXMPY2{BgeALsHyNM,y,NF,1)
MXMPY(GIsH,CyNMNM,1)
MXMTR{Cys=1le9CoeNM,1)

C IS EQUAL TO THE SECOND EXPRESSION IN {12°)

RETURN

CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL
CALL

CALCULATIGON QOF ERROR MATRICES {34-36)
MXMPY2(AsGMFIHyNX,NF4NF)
MXTRA{(H,Cy Ay NX,NF)
MXMPY{(BoGIsHyNF s3NM,NM)
MXTRA{H,0 4By NF,NM)
MXMPY(GMFI4BeHyNF5sNFy,NM)
MXMPY2({BsHsHHe NMsNF4NM)
MXSUB({GI HHsGMFIsNM,NM)
MXMPY{A;BsHsNX 3 NFyNM)
MXTRA{H,;D,HHyNX,NM)
MXMPY2({HH sGXI 9B aNMsNXyNX)
MXMTR(B'-IQ ’B’NM ’NX)
MXMPY{BysHH, He NMsNX,NM)
MXSUB{GMFIsHeHHNM,NM)
MXTRA(HH,0,GMF I ,NM,NM)

RETURN

END



APTENDIX IT

GRAPHICAL METHODS OF TESTING TE PROBABILITY DISTRIBUTION
A SAMPLE 15 THOUGHT TO LAVE CCiE FROM

Contributed by D. Eudson,

Data and Documents Division, CERN

Suppose we have arranged a sample of size n in increasing order

of magnitude to get

Xt < Xz < aes <X (1)

and we wish to test whether it comes from a continuous distribution with

probability density function f£(x), and cumulative distribution

F@):/f&)m. (2)

-00

In the first instance it is assumed that f(x) is completely known. Later
on the technique is extended to the case where a location parameter u
and a scale parameter o are unknown, and only the general form f(x; ,0)

is given.

Example (i)
The X3 distribution has density function

£(x)

£(x)

0 y =0 < X < 0

1}

(3)

1/2 e-X/z

R 0 X < o »

The cumulative distribution is

I

0 , —® < x< 0,

F(x)

P(x)

(%)

% , 0 < o,

n
»

Examplc (ii)

The normal distribution has density function

o (x-u)? /20

£x) = - , =© < X< (5)

oV2r

and so has to be treated by the second method when p and o are unknown.
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Large samples

When the samnle size is large it is vossible to draw a histogram
and compare the resulting diagrem with the expected {recuency curve. On
page 104 there is a histogram of a samnle of size 80 from & X5 distribution,

together with the curve

N(x) = 80x Y o /7 ()

Small samples

' and 'holes'

It can be difficult to decide whether the 'bumps
in a histogram are significant, especially if the sample size is small.
A rough guide can be obtained by using the graph of the cumulative distri-

bution F(x). ‘e may interpret F(x) as follows:

Given a number x, the proportion of random variables X in a very
large {actually infinite) sample for which X < x is F(x). In a finite
sample of size n, we can estimate points on the curve F(x) by calculating

proportions of the sample less than or equal to x.

'The n points Xy, Xz, ..., X give rise to (n+ 1) intervals on

the x axis, viz.

("wyx1) ’ (X1)X2) )y ereee (Xn_

:xn) ) (Xn:“) (7)

1

and it is conventional *to say that 1/(n+ 1) of the sample lies in each such
interval. Thus 1/(n+ 1) of the sample is < xy, so 1/(n+ 1) estimates

F(xy); 2/(n+1) of the sample is < X2; +.... ; and n/(n+ 1) estimates F(xn).
[If we add the points xe = =-» and X by =% to the samvle, then 0/(n+ 1)

and (n+1)/(n+1) are the correct values of F(-«) and F(+=) respectively].

A useful convention therefore is that the granh of F(x) is to be estimated

by plotting the n points

[x, F(x)] = [xi s ;%T l,1i=12, ... ,n. (8)

7863/p/cm



- 135 -

Example

The following is a sample of size nine from the X3 distribution.
L0, .78, .86, .96, 1.21, 1.86, 2.96, 3.41, 5.68

The points (.40, .1), (.78, .2), etc., are plotted next to the curve

F(x) = 1- & ¥/2 (9)
) 4
N\
[\1.0 -
X
: X
05 = X
» X
» X
X
1 1 ] 1 |
0 1 2 3 A 5
‘<...<%______
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Probability paper

We next show how to straighten out the curve of F(x) on the
above graph so that the plotted points may be compared with a straight

line. There are two alternative methods when f(x) is known completely.

(1) We transform the (horizontal) x axis to a new variable z = 2z(x)
in such a way that we 'contract' the x axis most where the graph of

F(x) is flat, as indicated by ¢— . The transformation is
®

X

z = /.f(t) at . (10)

-0
The curve Eq. (9) becomes the straight line
F(z) =2z . (11)

(ii) We may alternatively transform the (vertical)F axis to a new
variable y = y(F) in such a way that we 'stretch' the F axis most where
the graph of F(x) is flat, as indicated by ‘T. The transformation
. ®
is

y(F)
? - /f(x) ax . (12)

-0
The curve Eq. (9) becomes the straight line

Yy =X . (13)



- 137 -

The table required for graph (i) is completed by using 'Table 7:
Probability integral of the X3 distribution and the cumulative sum of

the Poisson distribution' in the Biometrika Tables.

x = X2 L0 78 86 .96 1.21 1.86 2.96 3.41 5.68
14 [ 018 .32 035 038 045 060 o77 082 0914-
F(z) 1 2 W3 Wb .5 .6 .7 .8 .9

[ T T T T T T Y T 1 1 > x
0 12 &4 .6 .8 1.0 1.5 2.0 3.0 4L,05.010.0

The words 'probability paper' would refer to the above graph paper with
only the x and the F scales printed. It would then not be necessary

to look up the g values.
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The table required for graph (ii) is completed similarly.
(An augmented table of percentage points of the X* distribution has
been compiled at CERN, using the library tape subroutines referred to

in the GRIND manual).

x = X3 0 .78 .86 496 1.21 1.86 2.96 3.41 5.68
F 01 02 -3 .L" 05 06 07 08 09
y(F) 21 W45 W71 1.02 1439 1.83  Z.41 3.22 L.61

LS

.925

.85
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The words 'probability paper' would refer to the above graph
paper with only the x and the F scales printed. It would then not be

necessary to look up the y values.

Probability paper of type (ii) is used more often in practice.
The plotted points will be very bunched at parts of the graph where the
original curve of F(x) is steep. Conversely, the data corresponding to
'tail areas' is well spread out. Usually we are particularly interested

in these extreme values.

Further example

We use probability paper of type (ii) to plot the sample of size
80 on page 10k. We wish to do a rough visual test to see whether the
sample can reasonably be considered to have come from the X3 distribution.
The plotted points are given below. (In order not to crowd the grarph,

not every possible point is plotted.)

i 5 10 15 20 25 30 35 40 45 50
xg = X3 .08 .18 .27 .37 49 .64 .82 .98 1.31 1.53
Fi = i/81 006 012 018 025 031 037 014-3 014-9 056 .62

i 55 60 65 68 70 72 Tk 75 76

x; 2.05 2.4k 346 Le05 423 L4.95 5.14 5.19 5.65

Fi .68 o (4 .802 .840 .865 .890 .914 .925 .938

i 77 78 79 80

xl 5-99 7-37 8032 114—.98

F, «950  .963  .975 .987




.9825
+980

<97

.96

¢95

9

«92

<90
.88

.85

Sample of size 80 from the X3 distribution

(80) X

N
7.

5 10

15
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Conclusions from the graph

The graph indicetes that

(a) on the whole the data follow the X2 distribution fairly well;

(b) the smaller voalues (i = 1 to 60) tend to be a bit smaller than
expected;

(¢) the largest value xso avpears to be too large.
Exact test

We can find the cxact level of significance of Xso = X

max”
We have Pr(x < k) = (k)
Let Pr(xmax < k) = H(k)
Then i(k) = Pr(4A11 x, < k)

li

(F(x)]e°
[F(14.98)]8°

(1- e-7°49)80

]

1- O.OL}'L"‘

. Pr(xmax 2 14.98) = L.4% .

The conelusion is that X ox is significantly larger than we expect the
largest value of X to be in a sample of size 80. The value Xso = 14.98
may indicate that o different physical hypothesis is reguired for the

relevant event.

Case of unknown parsmeters

Suppose that the probability density function of x, f(x; u,o),
contains an unknown location paramcter u and an unknovn scale parameter o
such that

3 (12)

is a standardized variable with density function £(w; €, 1) which is

completely known.
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w
Let F(w) = /f(t; 8, 1) dt (15)
-co
be the standardized cumulative distribution. We can prepere probability

paper of type (ii) by making the transformation from the F scale to the

y scale
y(F)
F = /i‘(t; 8, 1) dt . (16)

-00

Comparison with Eq. (15) shows that the curve P(w) becomes the straight line

y=w . (17)

From Eq. (14) we see that if we measure x on the horizontal axis, Eg. (17

becomes the straight line

y = 54 (18)
Thus, when y = 0 , X =y 3
when y = 1 , X = U+0;
when y =-1 , X = U=ga;

so the parametecrs can be read off the graph.

Example

A sample of size 7 is available and we wish to do a2 rough test to
see whether they come from a normal distribution. The density function

for x is

—

£(x) = e . o" ()20

m

N

and the standard density function for w is

2
) - L L2
N
T
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The required transformation from the F to the y scale is

y(F

-

Ver

- 00

which is tabulated in the Biometrika Tables.

The data are given below in increasing order of magnitude.

1 2 3 4 5 6 7
x; 10.3 11.9 12.6 12.6 13.8 145 15.7
Fi <125 «250 375 «500 «625 « 750 875
yi -1¢150 "067‘4- "0319 0 0319 067)+ 10150

The 'normal probability plot' of the 'order statistics' is
shown on page 144. The linearity shown by the plot is a rough assurance
that the data are normally distributed. A line drawn by eye through
the points gives the estiimates

u = 13.08 }) O’ 202 .

(The maximum likelihood estimates are

Tl = 13006 » 8’

n
-
.
(0 ¢]
S
-



; ‘09
Y Ordered sample, size seven -
1.0A
-0.8
05 *0.7
0.6
0.5
- v = X
00150 X B 16
+0.4
-0.5- 0.3
0.2
-1.0° ¥ = (Xx—13.08) /220
X (drawn by eye)
r0.1
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NOTES_ON THE KONTE CinlO _THOD

A. Werbrouck,
Istituto Nazionale di Fisice MNucleare

Sezione di Torino

I. INTRCDUCTION

Many processes, real physical processes or imaginary ones,
can be idealized as a sequence of choices. If it is possible to approximate
each choice by some probability function, then one can establish a model
which simulates the process. The most common such model is Monte Carlo.

Many real processes of nature can be approximated in this way.

Some examples are:

1)  The decay in time of an unstable particle.
2) The laboratory emission of some particle from a bombarded target.
3)  The multiple scattering of a fast charged particle.

4)  An entire experiment as visible in a finite volume.

-

To study any of the above processes in nature, one observes and
counts many examples or events of the given type. As is well known the

results are subject to statistical errors.

The lionte Carlo method functions in the same way. One generates
many "events" (pseudo-events or fictitious events) according to the simulating
model.  Each event is the result of a particular sequence of choices.

These events are then counted, classified and distributed according to
criteria as if they were real events. Onz can then make comparisons with
existing real data, or predictions of what should be the outcome of a given
real experiment, provided that the established model simulates nature suffi-
ciently well. For compariscn with any real data one must always consider
the statistical error in both the real events and the pseudo lionte Carlo

events. For that reason one usually wants more pseudo cvents than the

number of available real events. Since most ionte Carlo models can be

7863/p/cm



o
18
173

written into & comrubtcir yregramme whers the number of pseude-events 1s
limited cnly by the coaputer time available, one usually chooses this
metinod of calculetion. Ir gencrel one makes various approximetions in the
model for sske of simnlicity and because we often do not have complete
knowledge of a natural crocesc. Thus the reducticn of similarity to
nature is compensated by a greater number of generctcd events (since each
generation reguires less time) and smaller statistical error. These two
compensating factors moderated by the computer size and availability (or
the perseverance of the human calculator) will affect strongly actual

iionte Carlo calculations.

While the basic ideas of the iionte Carlo description are valid
for either hand or machine calculations, much of the following discussion

will be presented from the machine point of view.

Many times it is useful to envisage the ionte Carlo method as the

evaluation of an integral I:

Uz vz (u) z2 (u,v..)
T = /'P(u) du /‘P(u,v) AV eesee /.P(u,v,...z) f(u,v,...z) dz .
J
Uy 7y (u) Z; (U.,V. o)

I could in example four be the average efficicncy to deteet a X » e decay

of a stopped K* in a heevy liquid bubble chamber, where the electroh is
detected when it suifers e large fractional energy loss due to bremsstrahlung
(AE/E< 1). This averagc cfficiency is the recult of integrating the
efficiency f(u,v,...z) fcr detecting the clectron over the variables on

which it depends, wherc each variable in turn has a probability distribution,

P(v). In thiec application t.1z variables may be:

1) The x,7v,z coordinates of the K decay point given by a distribution
function p(x,y,z) determined by cbserving and measuring a vype of event
with probability of detection = 1 (7 decay).

' 2) Thoe electron initial latorztory momentum g, given by the c.m.

: . . . + -
electron spectru: w(o), because in this simple case the K' decays at rest.
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3) The clectron iniviel direction in azimuth 2 and polar © taken
from appropriatc distritution functions, F(¥) =znd P(7), (isotropic for
decay at rcst), with resncet to a convenient coordinetc system.

L) The x,y,z limits of thc fiducial velume cof the chamber, beyond
which the clcctron aay pass without revealing its identity. These limits
cnter as boundery conditions.

5) The magnetic Tield H(x,y,z).

The probability of cscare withcut detection might be approximated
-L/\

as e where L is the potential path length within the fiducial volume
calculated for a selected decay point, emission direction and momentum q in
the magnetic field H, and A is the mecan free path for dctecting an electron
of momentum q. If N varies too rapidly as the electron loses momentum, it
might be necessary to eveluate N and the probability of detection for

successive segments of the potential path.

Such an integration could be very difficult analytically. By
the lionte Carlo method it is quite easy. One simply gencrates events
(called trials) at the decay points (selected either from those measured
or from a smocthed function derived from the measured points) where the
electron momentum and direction are determined as we shall illustrate below.
Each electron is followed to sece if it is detected or escapes. If it is
detected (called success) it may be useful to classify it in the same way
as the observed real events for later comparison. The efficiency then
becomes the number of detccted events divided by the number of generated ones
(or the number of successes divided by the number of trials). If desired
the efficiency can be calculated in different zones of the chamber or as a
function of the initial electron momentum, by classifiying appropriately

the trials and successcs.

In general onc can consider the method as a purcly stetistical
generator of fictitious cvents or as a multifold intecgration. In the
above example many cvents are generated and treated as if real cvents in a
purely statistical way. However, one can consider equally well the events
as contributions to the {inal integral, properly weighted by the probability

distributions of the relevant variables and the imposcd boundary conditions.
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In *he analytic cveluation of I, onc passes from right to lcft.
In the donte Carlc cvaluation one passes from left To right. The first
choice is thc value of u, which is neccssary to lmow the distribution
function P(u,v) from which onz selects v, and so on. Obviously one must
pass this sequence of cinoices many times to approximate the analytic value
of the integral. In the abeve example the veriables were listed in a

suitable order for choosinge.

II. CiCICES

The type of choice of a variable in iionte Carlo is a random choice
according to thc chosen probability function for that varieble.  Although
the probability function may be modified or paramctcrized by previous choices,
the value of the variable must not be predictable a priori. To satisfy
this charactcristic the probability interval is comparcd with a uniform

random numbcr distribution.

P(v) & = K(n) an (1)

That is, the probability that the varieble has a value between v and v+ dv
is set proportional to the probability that thc r:ndom number RN has a

value between n and n+ dn.

Tq. (1), is the fundamental formula of the :onte Carlo method.

Since we choosc a uniform RN distribution, E(n) is simply a constant of

normalization. A mathematical proof of Eq. (1) is given in Appendix I.

It is convenicent to consider the following threc types of prob=-
ability distributions as detcrmined from their relations with the random

numbcer distribution.

A) The probability distribution is continuous and convenicntly
integrated enalytically.

B) The probability distribution is continuous and not ccnvenicntly
integrated analytically.

C) The probability distribution is discrcte.
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We now present many cxamples according to the abovs classifiication,
all of which arc based on Eq. (1). ¢ assumc that the random number
generator gives us a distribution uniform between 0 and 1. lost of these

examples arc uscful in various ilontec Carlo models for nuclecar physics.

Type A

1. Isotropic azimuthal angle

at $=0,n=0; at ®=27r, n=1.", ¢ = 27(RN) .

This means that if a series of RN from a distribution arc transformed in
this way, the differential distribution is reproduced, or the histogram in

$® is consistent vith a flat distribution.

N i e

2. TIsotropic polar angle ©
cos © n

P(®) 40 = d(cos @) = K dn, /,d(cos Q) = K(/hdn, cos ®+1 = Kn
-1 [o]
at cos @ =-1, n=0 ; at cos ® =41, n=1 .. cos © = 2(RN) -1 .
If one transforms a series of RN in this way, one finds a histogram in cos ©

consistent vith uniform.

i

r S Ry -

|

-1 (.05(?’ +3
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3. Exponential decay or absorption (distance B and A mean free path
chosen for example).

B n
p(8) aB = o /P %:1@,. /e—B/}\ %:K/dn,—eB/)‘m = Kn

at B:O,n:O; B=°°,n=1 . e-B/'}\=1"n'

Of course, if n is & RN, so is 4-n and we write B = -\ 1n(RN). If one
transforms a series of RN in this way, one finds a histogram in B that is

consistent with an exponential decay.

s

—

B

L. Fermi gas model of nucleon momentum q in the nucleus (cf. Rossi,
High-Energy Particles, p. 357).

q n
r 3
P(q) dq « ¢®*dq = K dn, /qquzK/dn, -93-=Kn
o 0

/s

at gq=0,n=0 ;3 Q=g 0= 1 . g-= 9o (RN)7® .

Here the histogram would have the form
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5. Impact parameter b for uniform flux incident normally on scattering

centre.
b n
b 2
Mb)&>ad@mm)xb®:=mm,/b@::K[dn,=§:Im

o

0 0
. v
at b=0,n=0 ; at b =" n=1 .. b=2Y (RN) 72,

max’ max

If one transforms a series of RN, one to give bn’ the next to give @n ,
and so on, one would soon have a uniformly populated scatter diagram in

polar coordinates, bounded by a circle of radius bmax'

One sees that all these relations between a random number and
the variable that must be chosen in the Monte Carlo model, follow very
simply from Eq. (1). For the electron deteciion, exanple above, one uses
the relations 1, 2 and 3 of Type A to know the electron's emission direction
(@ and &) and the distence R at which the electron is detected. IfR 2L,
the electron 1is not detected. If R £ L, the electron is detected within

the fiducial volume.

Type B

Among Type B relations, one finds a large fraction of the continuous
variables in a physical process; cross-sections, angular distributions,
centre-of-mass spectra for production of, or decay into, three or more bodies.
Again Eq. (1) provides the basic relation. Let us take, for example, an

emperical angular distribution

WA do f(cos ©) (azimuthal symmetry),
o dQ
total

which is not conveniently integrated analytically.

cos © n
/ﬁf(cos ®) d(cos ©) = K /-dn = F(cos @)
-1 o )
index cos @n value
0 -1
{ (COS@) i: ‘:(,(;56} / 1 “
/

\ ‘i/ ‘
cos € Lo G Y +1
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One simply integrates the 1laft intcgrel numsrically and normalizes F(cos @)

so that #(1) = 1. Then onc consoructs a Table of cos @h with index n
(n = 0,1,2,...17) vhere F(cos'@n> = n/N. The Teble will have N+ 1 entries.
One must choose N sufriciently large that straight segments between the

5 & o
F(cos @n) follow well the curve P(cos ©). To find the corresponding value
of cos ©, one multiplies the randcm number by IT end separates the resulting

integral part « from the Tractional part 8 at the decimal point.

a = intesral nart of (N times RIN)

= fracticnel part of (N times RN)

The number « is integer and can serve as an index to the Table, while

is a fraction less than 1. Thus,
cos @ (RN) = cos O+ f [cos G4t - cos €] . (2)

Obviously this is simply an application of linear interpolation almost

written in the programming language TPORTRAN. If the angular distribution
is a function of energy E, one could enter the cosine Table, once each for
Ey and E; where By < E < E;.  For the same random numbers, one would then

by Eq. (2) have two values for cos O. The final cos © would be given by

cos ® = cos ©; - TL;

a simple extencion of linear interpolation. Here we see a situation where
a probability distribubion (that for cos 6) is affected by a previous choice
or calculatinn (*hat c? the energr). in Fiz., 1, is shown a convenient
representation cf aa anguler distribution as a function of energy, from

which it is ea 7 to constrvct the cos © Tables Tor sceveral energies. The

L)

points result from integra’ 'ng cxperimenta

N

1 £{cos @). The curves are the
variation with cnersiy end angle of TF{ccs @) = n/l, with n remaining constant,
i.e., constant prcbebility lines. Herc I = 16 since the figure was pre-
pared to represent n-— p scattering in & large binary computcr. From such
a representation one cen eacily see at which & valucs the Tables should

bz preparcd in ordcr thet linesr intcrpole’icn be suificiently accurate.
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The cos @ entries for a given energy are simply read at the intersection
of the successive F(cos ©) = rn/Il lines and the vertical constant energy
line. For example, suppose that we are constructing in a lionte Carlo
model a proton-neutron collision that corresponds to a proton laboratory
energy of 500 iieV on a stationary neutron. From Fig. 1, Tables of cos @n
are in the computer for L00 and 580 ileV. The RN selected is 0.57,
slightly greater than Yoo Application of the above formulae for

Ey = 4LOO eV and E, = 580 lieV, would result in a cos © ~+ 0.35.

Type G

Whenever the variable to be chosen in the lMonte Carlo model is
discrete, the application of Eq. (1) is somewhat analogous to that in Type B.
Examples are the number of particles produced in a collision, or the decay
mode when more than one is possible. The random number is still contin-
uously distributed, so the N discrete choices, each with relative probability
Pm(m=1,.o.N) are to be compared with partial integrals on the RN distribu-

tion. Since the random number must fall between 0 and 1,

P1 P1 +P2 94
B+PT+H.PN=/En+/&u...fm1=1:(m—o)+&n+m-Pn+.u
T ‘
0 Py 1 -PN

In other words, if a RN is found between O and Py, the variable has its
first value, between Py and Py + P>, the sesond value, and so on. 0f course,
the list of values may depend upon previous choices or calculations, such

as the multiplicity of pion production as a function of c.m. energy. In
this case a new Table of Pm must be established by interpolating in the
continuous energy varigble E between Ey and E. (B4 < E < Ez) before comparing
with the random number since one cannot interpolate a discrete variable.

To illustrate this procedure, consider this representation of the relative
probability of various pion multiplicities in a nucleon-nucleon collision

as a function of c.m. energy. The points represent values of probability
put into a Table fer E = Ey and E = Ez. By interpolation between these
points one establishes a new Table of relative probapilities for the

energy E, E4 < E < Zs. Comparison with RN then gives the pion multiplicity.
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In the illustration the shown RN would lead to production of three pions

for E > Ei and two pions for E < Ei.

~_
\ e PPy Py

RN
:\

e
iy e

— '1 = ‘P"*‘P) *—P?. *‘P1 *?0

BT
i

E‘q . Ei Erg,
The normal distribution is often useful in Monte Carlo models.
By the direct application of Eq. (1), we see that it is conveniently classi-
fied in Type B.

x n
=
/he X7 ax -k /~dn
-0 '0
at x=-o,n=0; atx=4+,n=1 .. K=Var.

Since the function is symmetric, one can double the precision of a given
length (N+ 1) Table, by inserting only positive values, letting a and B
be the integral and fractional part of 2IT|’/2 - RNI , and then setting v

negative for RN < Y, and positive for RN > Yo Here H means absolute

value and
v = Va+ﬁ[Vc(+1 - Vc(] .

One can also treat the normal distribution as Type A One method usecs

the properties of the RN distribution itself which has mean Y, and variance
1

[(n- 1/2)2 dn = 1/12-

A
0
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By the central limit theorem the deviation of the mean of N random numbers

is

Thus the variable
N n N n
~1 i 1\./ i N\
=0 Y o= = e | = T = - = \]
v <i= N > iZy N 2> 12]

has an average zero and standard deviation one, i.e., the normal distribution.

A reasonable N is 12 for which

12
v=6- L RN,
1=1

Another method is based on applying Eq. (1) twice in a Type A relation.

X y r ® ny na
S———- —r2 H-3
/ex/zdx/ey/adyzfer/z rdr/d@=K1/dnK2/dn2
- = 0 Y 0 ¢}
where
e —_—d
¥+y® =1r® and & = tan y/x ; -e 72 +1 =n ore 72 _ ny

by the same observation on n and 1-n as made in Type A3. By A1,
/.
® = 2rnp so that v = (-2¢nRNq)’? cos 27RN: .

Since we assigned the two RN quite arbitrarily, there is another value

of v available by interchanging

1
v = (-2{nRN, )/2 sin 27RNy .

While the last method is preferred for a large computer, all are given, as

each illustrates a different application of Eg. (1).
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I+ is stated sbove that ths value of the vaeriable, within its

Q)

established limits, must nct be vredicisibls a rriori. In practice it
is very difficult to obtzin a true randen number generator that is free of
bias. A binary cocunier of pulses due to elcctron emissicn fluctuations
from a hot cathode has bzen su_gestsc, M™his counter weuld have to receive
many impulses beUrreen inuerrcgavions. Ususlly cne investigatzs Monte
Carlo models on a digital computer- Trus 1t would be necessary to coennect
the counter to ths computer to i:ake avallable the RV Tven 1f connected
without bias, this arrangement would lLeve a disadvantage becausc the segquence
of RN would not be reproducible for possihle prograrme checking. On the
other hand, a reproducible generator does not satisfy perfectliy the non-
predictability critcrion. However, if the choice D which follows a given
choice A, reproduces the B probability distribution within statistical
fluctuations in the course of the entire calculation, the process has been
simulated. Thus one can use a reprocducible RN generator if the sequence
is not correlated, i.c., if the i73tribution of numbers which follow, for
example, a 6 is uniform, or the distribution cf thc third number after a 2
is uniform. In general, the distribution or the nth number after any
given number N should be uniform within statistical fluctaatﬁons at any
point in the calculation. Another importent requirement is that the
sequence of RN does not repeat itself during the calculation. If such a
repetition should occur, the same nurber might be used to begin a new
equence, and the wholec calectlation would e simply repeated without improving
the Monte Carlo statistics. Tn Appendix II, we give an cxemple of a simple
RN generator routine, along with reference to more advenced versions, based

on the power residues development of numbcer theory.

in all the above discussion we have anplied a random sclection
from cach probability distribution. This characterizes th. Monte Carlo
method. In some instances iv .s mhre practical to uwse a uniform sampling
of the probability distribution, i.e¢., valucs of the variables corresponding
to equal probability intcrvals.

ra

The practical besis of sush = choice is often that of increasing
markedly the rumber of generated cvents with the seme calsulational effort.

For cxemple, suppose thet aftcr a sccucnce of chiolces, onc has gencrated a
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7% with definitc direction and momentum in & finite bubblc chamber.

To generate raridly thc various decay configurations onc could let this
7° decay at i cqual cosine c.m. intervals and j szimuthal anglc intervals

where the former intcervels are 2/i wide end the latter 2n/j wide.

In these cases where these vardiables arc cycled many times it is
advisable to detcrmine the starting value of thce variable at random to

avoid corrclations betwecn cycles.

IIT. ERROR

In general somc classifying of pscudo-cvents is effected to arrive
at the final ilontc Carlo results. In the first example, every generated
K » ¢ decay was finally classificd as detectcd or not deteccted in order to
arrive at the efficicncy. Consider a sample of N cvents of which r are
in, and s out of, a ccrtain class. Let t bc the probability of an event

being in the class. Then the likelihood function for the result is
r s
L=%t(-1%)" or w=1InL =r1ln t+s In(1-1)

setting dw/dr = 0, we find, quitc expcctedly, t = r/N.

The error in t is

t atz N

vhere o, =Vr.

IV. NUCLEAR CASCADE

In this section we outline the nuclecar cascadc problem as solved
by ionte Carlo tcchnicucs, and give a skcletal FORTRAN programme which

illustrates this soclution. The object is to simulate the processes
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following the collision of a single fast particis with a complex nuclcus.
The namc cascade is us2d becauwse many more interactions in the same nucleus
are expected to follow thec initial collision. In this case,an integral I
as written in the introduction, is not simply defincd because a single

particle may intcract a variable numbor of times,

Such an approach to the colliision with a complex nucleus (2 >> 1)
of a simple particle (pion, proton, kaon) beccomes reasonable when the
de Broglie wave length of the incident particle is of the order of, or less
than, the nuclear force range (1 fermi corresponds to 197 #eV/c) and its
kinetic encrgy is considerably greater than the relevant real potentials.
With these conditions, the incident particle can be considered a projectile
which comes upon a collection of nucleons, and interacts with only one at
a time, although it may interact several times before leaving the nucleus

or being absorbed.

The nuclear model assumed here is the Fermi gas model. Here
the nucleons are confined in a sphere of radius Ro = roA&Q and have the

isotropic momentum distribution described as example AL with

AV 3)2/311 300
q'ma,x = (1:) <Zj17 -ﬁ'o Tg fermi L'\CV/C

/

(h is Planck's constant). The nuclear density is constant within the

radius R and zero beyond. The mean free path in such nuclear matter becomes

from K&p =1

_ L Ar,?
B[Zcb+ (A- Z)oh]

A

where Gb(ch) is the total interaction cross-scction with a proton (neutron).
To obtain a statistically significant result, one must "follow" many
incident particlcs, and alsc the collision products until they leave the
nucleus, arc captured by the nuclear potential or rave an encrgy sc low to
be no longer of interest. Ivery escaping particle must bc counted and
classified acccrding to criteria, in such a way that mcaningful predictions

or comparisons are possiblec.
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Here we present a scquence of choices in an order that can be

used to simulate thc nuclcar cascade process.

1. Select an cnergy or momentum of the incident particle. The
variable could be a constant, seleccted from a non-simple spectrum by the
Type B relation, or selected from a Gaussian beam spread centred at Eo

with half-width AE. For the second method, one RN is necessary. For

the third, two must be available if one uses the third method of reproduéing

the normal distribution. In the latter case

where v is the normal variable and

1

V2 inZ

is the ratio of standard deviation to half width.

2. With the next RN, select the impact parametcr b by the method A5
where bmax equals the nuclear radius. At this point we are beginning
geometry, so a coordinate system is nccessary. Let the incident dircction
be x in a cartesian system centred at the initial centre of the nucleus

and fixed in the laboratory (Fig. 2). Since there is azimuthal symmetry
about the incident direction the point of incidence is considered to be

in the x-z plane. Thus the point of incidence is

3. With the next RN, find the interaction distance B by method A3
using the above defined mean free path. If B is greater than the potential
path L in nuclear matter for the chcsen incident point, the incident
particle did not intcract and one returns to 1 to sclect the next incident
particle. If this distance is less than thc potential path, an inter-

action occurred and must bz followed.
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L. Choose thc naturc of the struck . \\Aii/////fzj‘h\\\\\\ﬁik

N\ 7 —
particle, proton or neutron, by a Type C : ;77 W‘
choice. If the ncext RN is less than |
A o‘p/(Z oL+ (A= Z)O‘n), the intcraction is

on a proton; if greater on a neutron.

5 Choose the struck nucleon

momen tum With‘the next RN by mcthod AL

3= G, ()7

6. Choose the direction of the struck nucleon with respect to the

incident particie. To remain consistent with Fig. 2, the polar angle between
the incident particle (called 1) and the struck nucleon (called 2) is

cos-1u . Since the distribution of nucleon momenta is isotropic, u = 1-2
(RN) by A2. With the next RN, thc azimuthal angle & is chosen by A1,

® = 2r (RN). The complete kinematic treatment of an arbitrary collision

between 1 and 2, lecading to the emission of the collision products is given

in Appendix II. Here we select the variables necessary to reconstruct the
collision.
7. Choose the nature of the collision (elastic or inelastic) by

Type C with thc next RN, If clastic, choose the scattcring angle © in the
cem. (in general by Type B). If inelastic, choose the particles, their
c.m. momenta, and their directions with respect to a plane containing the
c.m. initial momentum dircction of 1 and 2 as x axis and the c.m. laboratory
momentum direction (separated by the angle & in Fig. 2). If no more than

threc particles arc cmitted, all must lic in this plane.

8. Choose the azimuthal angle of rotation of the above plane about
the c.m. initial mom:. tum direction of 1 and 2. This angle is a in
Fig. 2 and by A1, « = 27 (RN).

9. At this »oint one is ready to transform thc collisions products

back to the laboratory systcm by the transformations described in Appendix IIT.
In practice one first transforms thec energies of the nucleons to sce if

the collision is allowed by the Pauli c¢xclusion principle, i.c. if the

nucleon final state is not already occupied. In this simplc model, the

7863/p/cm



—_
™
Ul
I

zvz of the emitted nucleon would have to be more

-

laboratory kineiic ¢
than p;ax/2ﬁ in crder thet the collicion be allowed. If the collision

is not possible, the irncident particle with the same momentum and direction
is followed onwerd frci the point wich a new choice 3, ete. If the colli-

sion is 2llowed, cu2 or the tarticles is #ollowed in its new direction

3

with resultant moncatun and a new choice 3, etc. The other varticle may
be storea to be 1ollcred later 1f its energy is still interesting. When
all the intsresting particles have been followed, one starts with another

incident at ctep 1.

Many moditications and refinements are of course possible. Here

we list & few which sre desireble for certein problems.

If the cnergics ol interest arc not always large compared to the
real potentiels, pntential corrections should be applied at entry and exit.
If directions are —wcry important, diffraction effects at the change of
potential should perhepz be included. The nucleor density here was constant-
For the lighter nuclei, thc outer volume, in which thc nuclear density is
much lowcr than at thec nuclear centre, is a large fraction of the total
volume. —n crder o improve such nuclei, onc can use a suitable density
as a function of radius. In this casc the mcean free path is no longer a
constant but must ho calculated for each trajectory. A simple way to include
consideraticns of this %ype is the diffcrential sampling approach. One
compares a random nunver with the probability teo intcract with the nuclear
matter in the noxt anit of distence ( ~ internuclcon spacing). In this way

PN

the nucleer density; aud the variation of the cress-scctions duc to charge

and relative velocilyy end cnewrgy of the immedsately ahcad nuclear matter, can

all enter inte toc probability of intersction which becomes

a(6 ) A_ph
.Hr/”frp

e

£

i>

Were

i
G(ﬁr) is the cross-sectic:. for intcrscting with the immediately ahead
nucleon (target) chosen ot randoa in dircction and momentum from the nuclear

model
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ﬁr is the relative velocity of the vrojectile and target

ﬁi is the velocity of the projectile in the laboratory where the nuclear
centre was initially at rest

A is the finite differential clement (~ 1 fermi)

E is the avcrage nuclear density in the next differential element.

In this way the nuclear matter traversed by the projectile is sampled as

near the random way as possible.
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NUCLEAR CASCADE PRCELEVM IN SKELETAL FORTRAN FCRM WRITTEN FOR
NUCLEUS OF MASS A,CHARGE Z,RADIUSSRZERO®CUBRT{A)
INCIDENT PICN GAUSSIAN SPECTRUM OF ENERGY EZERO AND STC DEVIATIGN ENCRM

STATEMENT NUMBERS REFER TC PARACRAPH NUMBERS IN SECTION IV OF TEXT
OTHER NECESSARY STATEMENT NUMBERS HAVE BEEN REPLACED BY MNEMONIC LABELS

RANDOM NUMBER GENERATOR RDM IS REFERENCEC IN APPENCIX II
EACH TIME RN=RCM(X) APPEARS,A NEW RANDOM NUMBER IS GENERATED

INITIATE
READ ADJUSTABLE CONSTANTS
AsZ4RZERO,EZERC,ENORM,¥ASS AND NUMBER OF INCIDENT PARTICLES{
TOTAL INTERACTION CROSS SECTIONS,
ANGULAR DISTRIBUTICONS FOR POSSIBLE INTERACTIONS

PREPARE SECONDARY CCNSTANTS
RADIUS=R=RZERQ#CUBRT (A)
MAX FERMI MCMENTUM=QMAXS3C0/RZERO

START IF ENCUGH INCIDENT PARTICLES FOLLOWED,GO TO FINISH
IF NCT,SELECT INCICENT ENERGY

1 RN1=RDM(X)
RN2=ROF{X)
V=SQRTF (-2, *LOGF(RN1))*COSF(6.28*RN2)
EN=EZERC+ENCRMeV

SELECT IMPACT PARAMETER 8Y METHOD AS

RN=RCM(X)
2 Z=R*SQRTF(RN)

X==SCRTF(RsR-2eZ)
Y=0

SET INITIAL DIRECTICN COSINES
DIRX=1.0
DIRY=Q
DIRZ=0
IPART=IPART+1

FOLLOW INTERESTING PARTICLES,IF ANY
IF NCT,GO TC 1

CALCULATE AVERAGE CROSS SECTION
* SIGAV=(Z#SIGP{EN)+(A-Z)#SIGNLEN))/A

CALCULATE MEAN FREE PATH
LAMBDA=(1.33#3.14*Res3)/SIGAY

CALCULATE DISTANCE B TO NEXT INTERACTION BY METHOD A3
RN=RCM(X)
3 B=—LAMBDA«LCGF(RN)

CALCULATE INTERACTICN POINT
XINT=X+DIRX*B
YINT=Y+DIRYsB
ZINT=Z+DIRZeB

CHECK IF INTERACTICN PDINT IS IN THE NUCLEUS
TEMP=XINT#e24YINT#22+Z INToe2
GO TC RECORC IF TEMP IS GREATER THAN OR EQUAL TO Ree2
OTHERWISE,FIND THE RESULTS OF THIS INTERACTION

CHOOSE THE NATURE OF THE TARGET
4 RN=RCM(X)
PROFR=FRACTICN OF INTERACTIONS ON A PROTON
PROFR=Z#SIGP(EN)/{ASSIGAV)

IF RN IS LESS THAN PRCFR,TARGET IS PRCTON
OTHERWISE,TARGET IS NEUTRON

CHOOSE TARGET MOMENTUM
5 RN=ROM(X)
Q=QMAX*CUBRT{RN)

CHOOSE DIRECTION OF TARGET WITH RESPECT TO INCIDENT PARTICLE
6 RN=RCM(X)
MU=1l.-2.eRN
RN=RCM(X)
PHI=6.28#RN

CALCULATE TOTAL CM ENERGY=ETOT

FIND FRACTION OF INVERACTIONS ELASTIC AT THIS ENERGY=ELFR(ETOT)
RN=RCM(X)
7 IF RN IS LESS THAN ELFRUETOT),GO TG ELASTIC
OTHERWISE, INELASTIC

ELASTIC CHCOSE CM SCATTERING ANGLE
GC TC 8

INELASTIC CHCOSE FINAL STATE PARTICLES,CM EMISSION ANGLES AND MOMENTA
GC 7C 8

CHOOSE AZIMUTHAL ANGLE OF ROTATION OF CM PRODUCTION PLANE
8 RN=RCM(X)
ALPHA=6.28#RN

TRANSFORM TO LAB THE COLLISICN PRODUCTS WITH THE SUBROUTINE LCRENT,NHICH APPLIES
THE LCRENTZ TRANSFCRMATICNS CESCRIBEC IN APPENDIX 111
9 CALL LCRENT

STORE INTERESTING PRODUCTS FOR FURTHER FOLLCWING
ADD LCW ENERGY NON ESCAPING PRCCUCTS TC EXCITATION ENERGY
GC TC FCLLCw

RECORD AND CLASSIFY ESCAPING PARTICLE
GC TC FCLLCw

FINISH WRITE RESULTS CF THIS MCNTE CARLC CALCULATION
ENC

SIS/R/8057
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APPENDIX I

THE BASIC EQUATIONS FOR THE MONTE CARLO METHOD

Contributed by D. Hudson,

Data and Documents Division, CERN

It is assumed that we have available a source variable R which
generates random numbers {r} which are uniformly distributed over the unit

interval,
i.e. Pr[R<r]=r , O<r<i. (1)
Appendix II deals with a method for generating random numbers on a computer.

We require to generate values {x} of a random variable X with

given cumulative distribution F(x),
i.e. PrX<x]=Fx) , 0<Fe .i (2)
In the case of a discrete variable X taking only the values
Xty Xzy ooe 5 X

the function F(X) looks like

r(X)
N\
1 = F(xn)> >
F(xn-‘ ' F . e _%
F(xs) Tt —
F(xy) T

r o — — — — — — — —

F(X') B )
, I
F(._Xg) B l
0=PF
< (Xo) 1 | 1 1 > X

(= = xa sav) . v. v el
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In the case of a continuous variable X taking all values in a

given interval (which may be infinite), the function F(X) looks like*

> X

7
(continuous)

min

*
) For simplicity, we ignore values of X for which F(X) remains constant,
since these values of X are 'impossible'. With this convention, F(X)
is only defined at points where F(X) is strictly increasing.
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We require a transformation from R to X such that X has the

distribution (2).

Theorem Suppose we have a specific value r from the distribution (1).

(1) ‘*hen X has a discrete distribution, find x; such that

F(Xi—1) <r< F(xi) (3)

and put X = x(r) = x; (see first sketch).

(ii) ihen X has a continuous distribution, find x(r) such that
P lx()] = = )
and put X = x(r). See second sketch). In both cases, X follows the
required distribution.

Proof

(1) For a discrete distribution, we see from Eq. (3) that X < X5
implies R < F(xi).

1}

Hence Pr [X g xi] Pr [R < F(Xi)]

I

F(xi), from Eq. (1) .
Comparison with Eq. (2) shows that ¥ follows the required distribution.

(ii) When X has a continuous distribution, the equation (4) implies a

transformation X = X(R) in the implicit form
F(X) = R . (5)

We also see from Eq. (2) that the given function F(X) is a strictly increasing
function of X.

Hence Pr [X < x]

Pr [F(X) < F(x)]

Pr [R < r], from Egs. (5) and (&)

n

=r , from Eq. (1)

F(x) , from Eq. (4).

1l

7863/p
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Again we see that ¥ follows the required distribution.

In the continuous case, sre can write

X

P(x) = /f(t) at (6)

-0

where f(x) is the probability density function. The basic equation (4) can

then be written

x(r)
r = /f(t) dt (7)

or dr = f(x) dx ' (8)

A computer programme may require an iterative procedure to solve the

equation (7).

Ri.FERENCE

1) J. Butler, 'Machine sampling from given probability distributions' in
"Symposium on Monte Carlo methods", edited by H. Meyer -Wiley, 1954.
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APPENDIX II

GENERATING RAIDO:. MIBIRG OF 4 COMPUT R
Contributed by D. .udson,

Data and Documents Division, CERI.

Strictly spcaking, a random number cxists only as the result of

a random proccss. On a computer, however, we ofter usc some arithmotical
sequence

7= g(z) , 0 < Zg < 1 (1)

with some starting valuc Z,

The numbers produced by such a rule arc of coursc not random, since thecy
can be predicted in advance. The best we can hope for is that the numbers
will appear to be random - that is, the sequence of 'random' numbers must
satisfy certain stetistical tcsts concerning the distribution of the numBers
over the unit interval; the correlation between Zn and Zn+1 should be low,

and so on.

Congruences of whole numbers

e rcad

r =x tlod m (2)

as "r is congruent to x, modulo m." In the present context, this can
best be interpreted ‘o meen that r,x and m arc non-ncgative intcgers and

that r is the rasainder when x is divided by m. Thus
0O<rezm=-1. (3)

Congrucnces are particularly uscful as a mcans of gcnerating a sequence

of type (1). ‘o start with a sequcnce of intcgers

Ky = Kxn + u lMod m . (4)

Such a sequence often has good rendom propertics if A and p arc carcfully

chosen for a given m. vc then convert the intcgers to fractions by putting

7863/p/cm
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7 = xn/m . (5)

n

This sequence will produce up to a maximum of m different iZn§ before

repeating itself, so m should be a large number.

Example A five bit camputer, with m = 32, oan generate at most 32 RN before
repeating because there exist only 32 stable states of the computer.

e choose

Xo =1, MN=5, u=7. (6)

The sequence X1, X2, ... is generated by

™
1]

5x_+ 7 ilod 32 (7

n-+

and is
12,3,22,21,16,23,26,9,20,11,30,29,2k4,31,

2,17,28,19,6,5,0,7,10,25,4,27,14,13,8,15
18,1, ...

and it then repeats from 12 again. We obtain the required sequence {Zi}

on the unit interval by putting
Z, = xi/32 .

A computer programme to evaluate Eq. (7) would normally be written in basic
code. Remaindering is performed by keeping oniy the last five bits after

a multiplication. Division of these five bits by 32 is performed by
placing a decimal point on the left. A FORTRAN version is given below, for

comparison. (It is assumed that the numbers 32 and 32.0 will not cause

an overflow).

7863/p/cm



RAMDO NUMBER GENFRATOR
DILENSION Z(32)

Ca

C SET PARAMETERS
LAMBDA = ©
WUo=7
:0DLUS = 32
IX =1

C

DO 1 N=1,32
IX = X40DF(LAIBDA*IX + MU , :JODLUS)
7(N) = PLOATF(IX)/32.0

Y

C
C START NEW PAGE OF MONITOR OUTPUT
wRITE OUTPUT TAPE 2,400
100 FORFAT(1H1)
C
C OUTPUT RESULTS

WRITE OUTPUT TAPE 2,101, (Z(N), N=1,32)
101 FORMAT(L4F10.5/)

CALL EXIT

END

The 32 'random numbers' are

0.37500 0.09375 0,68750  0.65625
0.50000 0.71875 0.81250 0.28125
0.62500  0.34375 0.93750  0.90625
0.75000 0.96875 0.06250 0.53125
0.87500  0.59375  0.18750  0.15625
0. 0.21875 0.31250  0.78125
0.12500  0.84L375  0.43750  0.40625
0.25000  0.46875 0.56250  0.03125

It is clear that the less significant digits do not satisfy
elementary notions of randomness. The random numbers must therefore
only be used as a whole, or alternatively, the left-hand digits may be

used to producec random digits.

7863/p/cm
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EFERENCES

1)  G. Hardy and Z. Wright, "An introduction to the theory of numbers",
O0xford, Clarendon Press, 1954.

2) 0. Taussky and J. Todd, 'Generation and testing of pseudo-random numbers'
in "Symposium on Monte-Carlo methods" edited by H. iayer - Wiley, 1956.
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Computing Mach., Vol. 7, p. 75 (1960).
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numbers', J.Assn. for Computing Mach., Vol. 7, p. 72 (1960).
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library programme for the IBM 7090 computer, written in FAP. Code
number is G5XGC 0008.

6) Random Number Generation and Testing, IBM Reference ianual. (This
Manual does not contain a description of the method which produces
the longest obtainable sequence. )
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APPENDIX ITIT

LOFENTZ TRANSFORIATIONS FOR_GENERIL COLLISION

Herc we describe the transformations necessary to treat the most
gencral collision of two arbitrary particles in a complctely rclativistic
manner. Fig. 2 shows all thcse transformetions from the laboratory system
up to the point vhere onc begins transforming thc products beck to the
laboratory by the inversc transformations. In practice onc must apply only
the inversc transformations. However, it seems easier conceptually to sece
the transformations and, sincc they are orthogonal, the inverses are simply
the transposcs. Vhile sevcral translations appear in Fig. 2, thesc are
incl uded only for clarity as the collision occurs at thc point (Rx’Ry’Rz)
in the nucleus. Primcs on x,y,z arc uscd in the figure to indicate effccts
of rotations while x,y,z in the descriptions is generic and not written with
subscripts or primes, Starred quantities are c.m. guantities. For con-

venicnce some transformations are combined.

We stert with a fixed laboratory cartesian systcem heving origin
at the initial nuclear centre and with the incident beem along the x axis.

The momentum vectors of incident and target particles are 51 and ;z.

The transformations are described in the order of thelr appearance,

first verbally end thon explicitly.

1) S, a combined rotation of thc laboratory coordinate system through
anglcs M and N until the x axis is coincident wiith the momentum vector
py of the projcctilc particlc.

2) ®, a rotation about x through a random azimuthal angle & until
the z axis lics in the planc formed by p1 and p2, and points in the scnse
of 52.

3) W, a counter-clock. ise rotetion about the y axis by the englc w
until the x axis is coincident with the dircction of thc c.m. This angle

is a function of pi,p2 and p (the cosinc of the angle beticen 51 and 52).
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L) L, the Lorentz transformation to the centre of mecs.
5) 5, the rotation about the y axis by the angle & until the x axis
is parallel to the linc pips in the c.m.  Fith cur conventions, sin § is

alwvays negative,

We are now in the physically significz2at system, with x axis along
the direction of approach of 1 and 2 in their o.m, In %his system the
directions and momenta of the selected reacticn vroducts must be selected
with respect to the plane containing the x axis and the c.m. motion. Ir
no more than thres particles result, all thece lie in this plane. The
following rotation of momenta and transformaticns ol coordinate system are

applied, whereas none of the previous coordinzte transformations were applied.

6) «, a rotation of each outgoing p* through the same random azimuth
angle a about the x axis which is at “his pcint the pips line in the c.m.
This is the cnly rotation of a vector necessery, all the other transformations:

are those of coordinate systems.

The formal cperavions *thut cie applisd to the outgoing vectors in
. . . e ) s . . . TR T
the physically significant system, that with » parallel to pipz, are then

-1 - — ! .

. - . -1
in operator order, & S 0w I C o, first a, then & , and so on.

We will now present the transrformstions in more detail with
simple diegrams indicating the effect of each. 11 ccordinate systems aie

right-handed. The unit vector p:/lp,l has laboravory components a,f.4

[\
N

\ N
Yawi
\ y
4
\ ,
- g ’
D ~. [ . 4
R 5= o
— i
. ,f'! ' - \/
~ |
N
\!
~
2 ~
i v . ."\ .. - N e .- . I .
cos It O sin il f’ccs cin D 0 i cos r cos I cos M sin N :in
| | :
S = l 0 0 0 -sin N cos I 0] = ;-siﬁ N cos Q
. . - i i | . - . . s .
lesin N 0 cos M \ C 0 1} \o~sin i cos N-sin it sin N cos

where cos il = Vo? + 52, sin Il = v, cos N = xAu®+ 7, sin I = A2+ 2, and
Q :\/a2+[32 2

n
=

!

=<
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- - s >
Then S ! E| = I3 a/Q ﬁY/Q Bl = l ,BD ((XEQ L’ZLF’Z H
|
(F) v O ¢, F e Fo g

where in this one transformation, we have included operands.

If vy = H1, % diverges, and we must use
<

70 o0 )
sT'=1o0 1 o0 J
0 o/l
-
! -1 Q— ,
! L cS P‘ \
} »/H:><§ ‘\ i
T \ !
P Cp————? qbr)\:

[
/ [y
&/
/ B S~
2 Fe {7%(_1/u
005
N
1 0 0 (} 0 0]
. -1 .
® = 0 cos & sin & and & =10 cos & -sin &
i
LO ~sin & cos & 0 sin ¢ cos &
2 R
! 2 z ﬁ /\L
| ¢ P -~/ \\
T e N L
/ T T ! 7
— ‘, i // /_
r’// N e _ ; _///
P N P
; cos v 0 sin w cos w 0 -sin w
-1
w o= 0 1 o and w = 0 1 0
-sin w 0 cos W sin w 0 cos W
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D1+ D2 U

_ \/p‘?+p§+ 2p4 p2 4
/'y i f7

/ f

/ i
: Lo " L | / OO

where cos w =

N

}

X . :
> / j %
\31\/ PI /N \_)2

E/M 0 0 =-p/M /EV@E 0 0 p/M

0 1.0 0 » 0 1.0 0

L= o 0 1 I 0o 0 1 0
-p/M 0 0 E/M p/il 0 0 E/i

where E, p, and H are the total energy, momentum, and mass of the c.m.

as determined in the laboratory.

E=E1+E . .
i = [m3 + m2 + 2B, B~ 2P, qu]/z = [m? + m2 + 2m, ng]/z
p = VE? - I

g€ = ¥1¥2 — Ny nNaid.

The first quantities to be transformed back are the total laboratory energies.
If either particle is a nucleon, a violation of the Pauli exclusion principle
negates the collision and prevents pointless transforming of the momentum

components. Otherwise we continue

yi_(m g+ me) - Yz,(m1+m2&)
p Ve -1

cos & =

sin & = /1~ cos2d
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N
.

= ¥ . /
\ﬁ L g T— ,'} Vs /
> TX > X =k T
- § ——
. A '3\*\‘6 X
b, Vs '
I <
e AN
cos & 0 sin & cos & 0 =-sin &
5 = 0 1 0 and &' = 0 1 0
-sin 8§ 0 cos 8 sin 8 0 cos &
2z ya
N AN
Y Y
Y y
’ oL —> , — ¥

/A 0 0
a = 0 cos a -sin «
0 sin « cos o

N

We add here a derivation of the angle §, the angle between the
direction of motion of the c.m. and the direction 5?5? along which the

projectile and target approach each other in the c.m.

First re-write the direction of motion of the c.m., when 52 makes

an angle ¢ with 51.
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In Fig. 2 cos ¢ = p. The direction of motion of the c.m. was

given by the angle w, where

+ P2
cos w = ;X E2H

and p was written as

p = Vps + Do+ 2p1D2 U -

v(p

4 cos w- BEy)

Now cos & =
D

where ¥ = Ey + E/il, B = p/ii.  An expression for p* is

. 1
w B, _ o (mi+md o (mimmE Y /2
PP =3 iz I .

After substituting y,B,p* and cos w, we find

Y1(m18+m2) = Yz(m28+ m,)

p\/g2 -1

cos 6 =

7863/p
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ERRATA

Page Au lieu de : Il faut :

b E(6*) =E(m®) + E((®) + BE(n ¢)  E(€%) = E(n?) + B(L?) + 2 E(n ¢)

9 E(X?) ot () (=) ot 5(2)
x=-9)2 L (x-9)°
10 f(x)dx = —— e 20 dx f(x)ax = —— o 20% dx
ver c o c
it x, t x5
M eg(t) =2 pie ox(t) =Z p; e
1 1
12 E(x®) (")
.t -
2 2
12 oo =e eo e o0 o =e s e
Yor vor
21 Y - pX/1 = p® (Y - px)/(1 - 0?)*
21 £(x,y) = — e f(ay) = e
orv 1=p2 onv 1 -p2
22 oo JLIJT X 1_37 me u’. = 21 LIeV L) '\[Lm X 137 me cz = 21 MeV
N D vt ey P S Y
- “ LT T T i %7 t
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28

28 .

31

3L

51

58

59

70
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Au lieu de :

- >
E[1 + it,X ...

-5
]

+ 2 t1t2 X1X2 + ooo)

+ 2 t1t2 0-10—2p12 + ocn)

1
= - t.t. B(X.X,
¢ =1 22313(‘{13))

U:k = fn (x1 ,Xg...xn)

_ E[m - npi)(ne - npy)]

p
\/npi a4 'Vnpz ¢}]
2
2 _5 (Qi'npi)J
X =1 e
=1 Py

- Estimation de la variance

d'une sdrie de n observa-
tions gaussiennes indépen-
dantes :

np; (@) et p; ()

croquis :

Il Taut :

> >
E[1 + it*X

S
i

+ 2 t1t2 X1X2 + -oo) + oo

+ 2 t*]ta 0'10—2p12 + ooo) + oo

_q -1 !
¢ =1-5 i,jtitj E(XiXJ.) + ese)

u = fk(m sXoes .xn)

p = E[(n4 = nps ) (nz = npz)]
vnpt g4 vnpz Gz

2
N (o npi)_

np,

2 _
X =
i=1

- Estimetion de la variance o~
d'une série de.n observations
gaussisnnes indépendantes, dans
le cas ol m est connu.

np! (8) et p!(2)

La valeur de ® au point ol la ligne
oblique croise l'axe de O est ©@=1t .

3’1‘\

yn) .

y =



73

3

105

174
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Au lieu de :

2 S4
Sz Ss

a n m 2 _l
— i - - - BN
Z1| <YJ. Xo X4 XJ X2UJ> &

Appears as
fo =my-sinmp-ms sinmg =0

Xy = 5xn + 7 Mod 32

Il Taut
Sy S S Sy
S5 sa| °F Ss Sa
n /m 2
9 ( Ly, = Xo = XU, = x2u3
LT\ J

fois)

Should be :
f =m sinmz ~m3s sinmg =0

anE 5xn + 7 Mod 32



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

